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Abstract

Let Fn be the free group on n ≥ 2 elements and Aut(Fn) its group of

automorphisms. A well-known representation of Aut(Fn) is given by

ρ1 : Aut(Fn)→ Aut(Fn/F
′
n)
∼= GL(n,Z),

where F ′n is the commutator subgroup of Fn. The kernel of ρ1 is called

the classical Torelli group. In [5] Grunewald and Lubotzky construct

more representations of finite index subgroups of Aut(Fn). By choosing

a finite group G and a presentation π : Fn → G they obtain an integral

linear representation ρG,π : Γ(G, π) → GG,π(Z), where Γ(G, π) is a finite

index subgroup of Aut(Fn).

In this thesis I study the special case G = C2 of this construction.

The map ρC2,π leads to the integral linear representation

σ−1 : Γ+(C2, π)→ GL(n− 1,Z).

Let Kn denote the kernel of σ−1, which fits into the following exact

sequence

1→ Kn → Γ+(C2, π)→ GL(n− 1,Z)→ 1. (0.1)

We call the kernel Kn a generalized Torelli group. The first main theorem

of this thesis states that Kn is finitely generated as a group. In the proof

we give a set of generators explicitly. Note that this theorem corresponds

to the famous theorem of Nielsen and Magnus, which states that the

classical Torelli group is finitely generated.

Further we study the abelianized group Kab
n , which becomes by the

exaxt sequence (0.1) a GL(n− 1,Z)-module. Finally we consider higher

quotients of the lower central series

Kn = γ0(Kn) ≥ γ1(Kn) ≥ γ2(Kn) ≥ γ3(Kn) ≥ . . . .

Our second main theorem states the surprising fact that for i ≥ 1 the

quotients γi(Kn)/γi+1(Kn) are finite abelian groups of the form (Z/2Z)bn,i

with some bn,i ∈ N0.
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Introduction

Let Fn be the free group on n ≥ 2 elements and Aut(Fn) its group of

automorphisms. A theorem of Nielsen says that Aut(Fn) is a finitely

presented group. A well-known representation of Aut(Fn) is given by

ρ1 : Aut(Fn)→ Aut(Fn/F
′
n)
∼= GL(n,Z),

where F ′n is the commutator subgroup of Fn and ρ1(ϕ) is the automor-

phism of the abelian group Fn/F
′
n induced by ϕ ∈ Aut(Fn). The kernel

of ρ1 is called the classical Torelli group and is denoted by IA(Fn).

A theorem of Nielsen and Magnus ([13], [11]) says that the classical

Torelli group is finitely generated. Taking a free basis x1, . . . , xn of Fn
they prove:

Theorem: The group IA(Fn) is generated by the following automor-

phisms

Kij : {xi 7→ xjxix
−1
j } and Kijk : {xi 7→ xixjxkx

−1
j x−1

k }

(values not given are identical to the argument).

By the exactness of the sequence

1→ IA(Fn)→ Aut(Fn)→ GL(n,Z)→ 1

the abelianized group IA(Fn)
ab becomes a GL(n,Z)-module. It is a well-

known theorem of Formanek (see [6]) that

IA(Fn)
ab ⊗Z C ∼= Cn ⊕ Vn

as a GL(n,C)-module, where Vn is a certain irreducible GL(n,C)-module

of dimension dimC(Vn) = n(n+ 1)(n− 2)/2.

In [5] Grunewald and Lubotzky construct more representations of

finite index subgroups of Aut(Fn). Let G be a finite group and π : Fn →
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G a surjective homomorphism with kernel R. Define the finite index

subgroup Γ(G, π) of Aut(Fn) by

Γ(G, π) := {ϕ ∈ Aut(Fn) | ϕ(R) = R, ϕ induces the identity on Fn/R}.

Define further R̄ := R/R′ = Rab to be the abelianization of R. Let

t denote the Z-rank of this finitely generated free abelian group. The

group G acts on R̄ by conjugation. Every automorphism ϕ ∈ Γ(G, π)

induces a linear automorphism ϕ̄ of R̄ which is G-equivariant. Let

GG,π := AutG(C⊗Z R̄) ≤ GL(t,C).

The group GG,π is the centralizer of the group G acting on C⊗ZR̄ through

matrices with rational entries. Define

GG,π(Z) := {Φ ∈ GG,π | Φ(R̄) = R̄}.

Choosing a Z-basis of R̄, we obtain an integral linear representation

ρG,π : Γ(G, π) → GG,π(Z)

ϕ 7→ ϕ̄.

In the special case G = {1} this construction leads to the classical rep-

resentation ρ1 : Aut(Fn) → GL(n,Z). Thus the kernel of ρG,π can be

considered as a natural generalization of IA(Fn). Therefore it is called a

generalized Torelli group.

In my work I study another special case of the construction by Grune-

wald and Lubotzky. Let Fn (n ≥ 2) be the free group generated by

x, y1, . . . , yn−1 and C2 the cyclic group of order two generated by g. More-

over let π : Fn → C2 be the surjective homomorphism defined by

π(x) := g, π(y1) := 1, . . . , π(yn−1) := 1.

The kernel R of this map is, by the formula of Reidemeister and Schreier,

a free group of rank 2n − 1, which means that t = 2n − 1. By the

construction above we obtain a homomorphism

ρC2,π : Γ(C2, π)→ GL(R̄) ∼= GL(2n− 1,Z).

We set

Γ+(C2, π) := {ϕ ∈ Γ(C2, π) | det(ρ1(ϕ)) = 1}.
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This is a subgroup of index two in Γ(C2, π). An important feature is that

we are able to present a finite set of generators of Γ+(C2, π) (see Chapter

4.2). The restriction of ρC2,π leads to the representation

ρC2,π : Γ+(C2, π)→ GL(R̄) ∼= GL(2n− 1,Z).

The Q-vector space Q ⊗Z R̄ decomposes as Q ⊗Z R̄ = V1 ⊕ V−1, where

V1, V−1 are the ±1 eigenspaces of g, respectively. Set R̄1 := R̄ ∩ V1 and

R̄−1 := R̄ ∩ V−1. It turns out that the Z-rank of R̄1 equals n and the

Z-rank of R̄−1 equals n−1. Since Γ+(C2, π) leaves R̄1 and R̄−1 invariant,

we obtain representations

σ1 : Γ+(C2, π)→ GL(n,Z), σ−1 : Γ+(C2, π)→ GL(n− 1,Z).

The map σ1 is equivalent to ρ1 restricted to Γ+(C2, π). In contrast the

representation σ−1 is somewhat less expected and is studied in this work.

In Chapter 4.2 it is shown, that the map σ−1 is surjective by analysing

the images of the generators of Γ+(C2, π). Let Kn denote the kernel of

σ−1, which fits into the following exact sequence

1→ Kn → Γ+(C2, π)→ GL(n− 1,Z)→ 1.

By the exactness of this sequence, the index of Kn in Γ+(C2, π) is infi-

nite for n ≥ 3 and two for n = 2. The first main theorem of this thesis

states that Kn is finitely generated as a group. The proof, in which the

generators are given explicitly, is provided in Chapter 4.3. As a corollary

we obtain the following theorem.

Theorem: Let n ≥ 2. The group Kn is generated by the following

automorphisms:

εi : {x 7→ xyi}, ψ2
i : {yi 7→ yix

2} ,

αi :

{
x 7→ x−1

yi 7→ xy−1
i x−1

}
for 1 ≤ i ≤ n − 1 (values not given are identical to the argument). In

particular Kn is finitely generated as a group.
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Note that this theorem corresponds to the theorem of Nielsen and Mag-

nus. The idea of the proof is the following. Starting with a finite pre-

sentation of GL(n− 1,Z) and the generator set of Γ+(C2, π) we are able

to construct a finite number of elements in Kn whose normal closure

coincides with Kn. Then we show that the group generated by these

elements is already a normal subgroup of Γ+(C2, π). This means that

Kn is finitely generated as a group.

As above Kab
n becomes a GL(n−1,Z)-module. In Chapter 6 we study

the structure of this module.

Proposition: Let n ≥ 2. Then the group Kab
n is generated by [εi],

[αi] and [ψ2
i ] for i = 1, . . . , n− 1. The order of [αi] is either one or two.

For n ≥ 3 the order of [ψ2
i ] is also either one or two.

In Chapter 6.2 we construct for n ≥ 3 a surjective GL(n−1,Z)-equivariant

homomorphism

Φn : Vn−1 ⊕Mn−1 � Kab
n ,

where Vn−1 ⊕ Mn−1 is a certain GL(n − 1,Z)-module with underlying

abelian group (Zn−1⊕(Z/2Z)n−1)⊕(Z/2Z)n−1. For the precise structure

of Vn−1 ⊕Mn−1 see Chapter 6.1. It is difficult to compute the kernel of

Φn, but I conjecture that the kernel is trivial:

Conjecture: Let n ≥ 3. Then the GL(n − 1,Z)-equivariant epimor-

phism

Φn : Vn−1 ⊕Mn−1 � Kab
n

is an isomorphism.

Chapter 6.4 is concerned with higher quotients of the lower central

series

Kn = γ0(Kn) ≥ γ1(Kn) ≥ γ2(Kn) ≥ γ3(Kn) ≥ . . . .

The second main theorem states the surprising fact that the quotients

γi(Kn)/γi+1(Kn) are finite for i ≥ 1.

Theorem: Let n ≥ 2 and i ≥ 1. Then the group γi(Kn)/γi+1(Kn)
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is a finite abelian group of the form (Z/2Z)bn,i with

0 ≤ bn,i ≤ (3n− 3)i−1 ·
(
3n2 − 7n+ 4

)
.

In the special case n = 2 we give a finite presentation of K2 and

obtain that the group Kab
2 is isomorphic to Z2 ⊕ Z/2Z. Furthermore, in

this case it is possible to compute the exponents b2,i. Here is the result

for b2,1, . . . , b2,9:

b2,1 b2,2 b2,3 b2,4 b2,5 b2,6 b2,7 b2,8 b2,9 . . .

2 4 6 10 14 22 32 48 70

More information on the b2,i is contained in Chapter 6.3.
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Notation

In this thesis we generally apply functions on the left, i.e. the image of

x under a function ϕ is written as ϕ(x). If ϕ : X → Y and ψ : Y → Z

are two functions, we write ψ ◦ ϕ : X → Z for the product of ϕ and ψ,

i.e. (ψ ◦ ϕ)(x) = ψ(ϕ(x)).

G,H, . . . Groups

α, β, γ, . . . Homomorphisms

x, y, z, . . . Elements of a group

[x, y] xyx−1y−1

H ∼= G H is isomorphic to G

H ≤ G, H < G H is a subgroup, a proper subgroup of G

〈Gi | i ∈ I〉 subgroup generated by subsets Gi of a group

〈X | R〉 Group presented by generators X

and relators R

Fn Free group on n generators

Aut(G) Automorphism group of a group G

HomΩ(G,H) Set of Ω-homomorphisms from G to H

G′ = γ1(G) = [G,G] Derived subgroup of a group G

Gab G/G′

γi(G) i-th term of the lower central series of G

N,N0,Z,Q,R,C Sets of natural numbers, natural numbers

with 0, integers, rational numbers, real

numbers, complex numbers

Cn Z/nZ
GL(V ) Group of nonsingular linear transformations

of a vector space V

GL(n,Z), SL(n,Z) General linear and special linear groups

In (n× n)-identity matrix
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Let us introduce some elementary matrices in SL(n,Z) and GL(n,Z)

for n ≥ 2 and 1 ≤ i, j ≤ n (our convention is that entries not given are

identical to zero):

• Let Eij ∈ SL(n,Z) be the (n×n)-identity matrix with an additional

1 in the (i, j)-th position (i 6= j)

Eij :=



1 | |
. . .

1 | |
− − − 1 − − − 1 − − −

| 1 |
. . .

| 1 |
− − − 0 − − − 1 − − −

| | 1
. . .

| | 1



← i-th row

← j-th row

• Let Eij(a) ∈ SL(n,Z) be the (n× n)-identity matrix with an addi-

tional a ∈ Z in the (i, j)-th position (i 6= j)

Eij(a) :=



1 | |
. . .

1 | |
− − − 1 − − − a − − −

| 1 |
. . .

| 1 |
− − − 0 − − − 1 − − −

| | 1
. . .

| | 1



← i-th row

← j-th row
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• Let Pij ∈ SL(n,Z) be the following permutation matrix (i 6= j)

Pij :=



1 | |
. . .

1 | |
− − − 0 − − − 1 − − −

| 1 |
. . .

| 1 |
− − − 1 − − − 0 − − −

| | 1
. . .

| | 1



← i-th row

← j-th row

• Let Oi ∈ GL(n,Z) be the following diagonal matrix with a −1 in

the (i, i)-th position

Oi :=



1 |
. . .

1 |
− − − (−1) − − −

| 1
. . .

| 1


← i-th row

• Let O1i ∈ SL(n,Z) be the following diagonal matrix with a −1 in

the (1, 1)-th and in the (i, i)-th position (i 6= 1)

O1i :=



−1 |
1

. . . |
1

− − − − (−1) − − −
| 1

. . .
| 1


← i-th row

xiv



Chapter 1

Presentation of Groups

In this thesis, we often work with finite presentations of groups. The

aim of this chapter is to give an introduction to this subject. In Section

1.1 the definition and notations of presentations are given. Section 1.2 is

devoted to finite presentations of SL(n,Z) and GL(n,Z). These funda-

mental presentations are used consistently in the whole thesis. The last

Section 1.3 is concerned with the following problem. Given a surjective

homomorphism ϕ : G � H of a finitely generated group G onto a finitely

presented group H. What can we say about the kernel of ϕ, i.e. is the

kernel finitely generated? If the answer is positive, we give a method to

find a set of generators. These ideas will be very useful in the proof of

the main theorem in Chapter 4.

1.1 Basic concepts

A well-known theorem in the theory of free groups states that every group

G is a homomorphic image of some free group. This means that for every

group G, there exists a surjective homomorphism π : F � G of a free

group F onto G. This homomorphism π is called a presentation of the

group G.

Let R := ker(π) be the kernel of π. Then R is a normal subgroup

of F and F/R ∼= G. The elements in R are called the relators of the

presentation.

Now choose a set of free generators for F , say Y , and a subset S ⊆ R

with the property that the normal closure of S equals R. Then the image

X := π(Y ) is clearly a set of generators of the group G.

The presentation π in combination with the choice of Y and S, de-

termines a set of generators and defining relators for G. We denote this

1



Chapter 1. Presentation of Groups

in the following way

G = 〈Y | S〉. (1.1)

In practice it is often more convenient to list the generators of G and the

defining relations s(X) = 1 for s ∈ S:

G = 〈X | s(X) = 1, s ∈ S〉. (1.2)

Here s(X) denotes the word obtained from s by replacing formally the

generators Y by the generators X of the group G. We refer to (1.1) or

(1.2) as a presentation of the group G.

A group G is said to be finitely generated if there is a presentation

G = 〈Y | S〉 such that the set Y is finite. Moreover, it is said to be finitely

presented if there exists a presentation such that both Y and S are finite

sets. This definition is independent of the particular presentation chosen

in the sense of the following proposition.

Proposition 1.1 (B. H. Neumann). Let G be a finitely presented group

and let g1, . . . , gn be generators of G. Then there are defining relations

r1 = 1, . . . , rm = 1 such that

G = 〈g1, . . . , gn | r1 = 1, . . . , rm = 1〉.

Proof. See for example [15].

Examples of finitely presented groups, which are interesting for us,

are

• cyclic groups of finite order m:

Cm = 〈g | gm = 1〉,

• free groups of finite rank n:

Fn = 〈g1, . . . , gn | no relations 〉 = 〈g1, . . . , gn〉,

• all finite groups,

• the special linear group SL(n,Z) with n ∈ N and

• the general linear group GL(n,Z) with n ∈ N.

2



Chapter 1. Presentation of Groups

1.2 Presentations of SL(n,Z) and GL(n,Z)

Let Eij ∈ SL(n,Z) be the (n × n)-identity matrix with an additional 1

in the (i, j)-th position (i 6= j) and Oi := diag(1, . . . , 1,−1, 1, . . . , 1) be

the diagonal matrix with a −1 at the (i, i)-th position (see Notation).

The aim of this section is to give finite presentations of SL(n,Z) and

GL(n,Z) with the matrices Eij and Oi as generators. Such a presentation

of SL(n,Z) can be found in the literature (see [12]) and is listed below.

However, a finite presentation of this kind of GL(n,Z) seems not to be

published.

Proposition 1.2 (Presentation of SL(n,Z)).

(a) SL(1,Z) = 1.

(b) SL(2,Z) has a finite presentation with the two generators E12 and

E21 subject to the following relations

E12E
−1
21 E12E21E

−1
12 E21 = 1,

(E12E
−1
21 E12)

4 = 1.

(c) For n ≥ 3, the group SL(n,Z) has a finite presentation with n(n−1)

generators Eij (i 6= j) subject to the following relations

[Eij, Ekl] = 1 if j 6= k, i 6= l,

[Eij, Ejk] = Eik if i, j, k are pairwise distinct,

(E12E
−1
21 E12)

4 = 1.

Proof. (a) is clear and (c) can be found in [12]. Let us now prove (b).

We know from [16] Chapter 1.5, that

SL(2,Z) = 〈X, Y | X4 = 1, X2 = Y 3〉,

whereX = ( 0 1
−1 0 ) and Y = ( 0 1

−1 1 ). We now apply Tietze transformations

(a good reference for the notion of Tietze transformations is [16]). First

notice that

Y −1X =

(
1 −1

1 0

)(
0 1

−1 0

)
=

(
1 1

0 1

)
= E12,

3



Chapter 1. Presentation of Groups

Y X−1 =

(
0 1

−1 1

)(
0 −1

1 0

)
=

(
1 0

1 1

)
= E21.

Thus, we see that

〈X, Y | X4 = 1, X2 = Y 3〉
= 〈X, Y,E12, E21 | X4 = 1, X2 = Y 3, E12 = Y −1X, E21 = Y X−1〉
= 〈X, Y,E12, E21 | X = Y E12, X

4 = 1, Y −1X2 = Y 2, E21 = Y X−1〉
= 〈Y,E12, E21|(Y E12)

4 = 1, E12Y E12 = Y 2, E21 = Y E−1
12 Y

−1E−1
12 E12〉

= 〈Y,E12, E21 | (Y E12)
4 = 1, E12Y E12 = Y 2, E21 = Y Y −2E12〉

= 〈Y,E12, E21 | (Y E12)
4 = 1, E12Y E12 = Y 2, Y = E12E

−1
21 〉

= 〈E12, E21 | (E12E
−1
21 E12)

4 = 1, E12E
−1
21 E12E21E

−1
12 E21 = 1〉.

Our next aim is to find a finite presentation of GL(n,Z) in terms of

the matrices Eij and Oi. To do this, we use the following exact sequence

1→ SL(n,Z)→ GL(n,Z)
det→ {−1, 1} → 1.

More general, let G be an extension of H by N , say

1→ N
i→ G

π→ H → 1.

Assume further that N has the following finite presentation

N = 〈n1, . . . , nr | R1(n1, . . . , nr), . . . , Rk(n1, . . . , nr)〉

and that H has the finite presentation

H = 〈h1, . . . , hs | W1(h1, . . . , hs), . . . ,Wl(h1, . . . , hs)〉.

We wish to find a finite presentation of G.

Since π is surjective, there are g1, . . . , gs ∈ G with π(gi) = hi for

1 ≤ i ≤ s. By identifying N with the kernel of π in G, it is easy to see

that G is generated by g1, . . . , gs and n1, . . . , nr. Thus, we have found

generators for G. We start collecting relations in terms of g1, . . . , gs and

n1, . . . , nr:

• The relations R1(n1, . . . , nr), . . . , Rk(n1, . . . , nr) in N are, of course,

also relations in G.

4



Chapter 1. Presentation of Groups

• Let Wi(g1, . . . , gs) be the word obtained from Wi(h1, . . . , hs) by

replacing each hj by gj. We have

π(Wi(g1, . . . , gs)) = Wi(π(g1), . . . , π(gs)) = Wi(h1, . . . , hs).

Hence Wi(g1, . . . , gs) ∈ ker(π), i.e. Wi(g1, . . . , gs) ∈ N . This means

that we can write Wi(g1, . . . , gs) as a product of the ni, say

Wi(g1, . . . , gs) = W̃i(n1, . . . , nr).

This gives us more relations in G.

• Finally, we mention that, since N is a normal subgroup in G, each

conjugate ginjg
−1
i and g−1

i njgi is in N . Thus, we get relations

ginjg
−1
i = Vij(n1, . . . , nr) g−1

i njgi = Uij(n1, . . . , nr).

The next proposition tells us that the above relations are sufficient for a

presentation of G.

Proposition 1.3 (P. Hall). Let G be an extension of H by N

1→ N
i→ G

π→ H → 1.

If N has the finite presentation

N = 〈n1, . . . , nr | R1(n1, . . . , nr), . . . , Rk(n1, . . . , nr)〉

and H has the finite presentation

H = 〈h1, . . . , hs | W1(h1, . . . , hs), . . . ,Wl(h1, . . . , hs)〉,

then G has the following finite presentation

G = 〈n1, . . . , nr, g1, . . . , gs | R1(n1, . . . , nr), . . . , Rk(n1, . . . , nr),

ginjg
−1
i = Vij(n1, . . . , nr),

g−1
i njgi = Uij(n1, . . . , nr),

Wi(g1, . . . , gs) = W̃i(n1, . . . , nr)〉,

where gi, Vij(n1, . . . , nr), Uij(n1, . . . , nr) and W̃i(n1, . . . , nr) are as above.
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Chapter 1. Presentation of Groups

Proof. For a proof see [10] Chapter 13. But be careful, in the theorem

and in the proof the relations g−1
i njgi = Uij(n1, . . . , nr) are missing.

Now we can use Proposition 1.3 and the presentation of SL(n,Z)

given in Proposition 1.2 to compute a finite presentation of GL(n,Z). In

order to do this define O1 := diag(−1, 1, . . . , 1) to be the diagonal matrix

with an entry −1 at the first position (see Notation).

Proposition 1.4 (First Presentation of GL(n,Z)).

(a) GL(1,Z) = 〈O1 | O2
1 = 1〉 = C2.

(b) GL(2,Z) has a finite presentation with the three generators E12,

E21 and O1 subject to the following relations

E12E
−1
21 E12E21E

−1
12 E21 = 1,

(E12E
−1
21 E12)

4 = 1,

(O1E12)
2 = 1,

(O1E21)
2 = 1,

O2
1 = 1.

(c) For n ≥ 3, the group GL(n,Z) has a finite presentation with n(n−
1) + 1 generators Eij and O1 subject to the following relations

[Eij, Ekl] = 1 if j 6= k, i 6= l,

[Eij, Ejk] = Eik if i, j, k are pairwise distinct,

(E12E
−1
21 E12)

4 = 1,

O1EijO1E
−1
ij = 1 if i, j 6= 1,

(O1E1j)
2 = 1 if j 6= 1,

(O1Ei1)
2 = 1 if i 6= 1,

O2
1 = 1.

Proof. (a) is clear.

(b) We have

1→ SL(2,Z)→ GL(2,Z)
det→ {−1, 1} → 1,

where {−1, 1} ∼= 〈g | g2 = 1〉. We now apply Proposition 1.3. Since

det(O1) = −1, we conclude that GL(2,Z) is generated by E12, E21 and

O1. According to Proposition 1.3 the defining relations corresponding to

these generators are:
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1. The relations of SL(2,Z) (see Proposition 1.2).

2. O2
1 = 1.

3. The conjugates of the generators E12 and E21 by O1 and O−1
1 ex-

pressed in terms of E12 and E21. Since O1 = O−1
1 it suffices to con-

sider O1E12O1 and O1E21O1 and express both matrices in terms of

Eij:

O1E12O1 =

(
−1 0

0 1

)(
1 1

0 1

)(
−1 0

0 1

)

=

(
−1 −1

0 1

)(
−1 0

0 1

)
=

(
1 −1

0 1

)
= E−1

12 ,

O1E21O1 =

(
−1 0

0 1

)(
1 0

1 1

)(
−1 0

0 1

)

=

(
−1 0

1 1

)(
−1 0

0 1

)
=

(
1 0

−1 1

)
= E−1

21 .

(c) We have

1→ SL(n,Z)→ GL(n,Z)
det→ {−1, 1} → 1,

where {−1, 1} ∼= 〈g | g2 = 1〉. We apply Proposition 1.3 again. By the

same argument as above GL(n,Z) is generated by O1 and Eij (i 6= j).

The defining relations corresponding to these generators are:

1. The relations of SL(n,Z) (see Proposition 1.2).

2. O2
1 = 1.

3. The conjugates of the generators Eij (i 6= j) by O1 and O−1
1 ex-

pressed in terms of Eij. As before, it suffices to consider O1EijO1.

We show that O1EijO1 = Eij if i, j 6= 1:

For this let us write Eij and O1 in the following form

Eij =

(
1 0

0 A

)
, O1 =

(
−1 0

0 In−1

)
,

7
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where A is a (n−1)× (n−1)-matrix and In−1 the (n−1)× (n−1)-

identity matrix. Thus, we have

O1EijO1 =

(
−1 0

0 In−1

)(
1 0

0 A

)(
−1 0

0 In−1

)

=

(
−1 0

0 A

)(
−1 0

0 In−1

)

=

(
1 0

0 A

)
= Eij.

Finally, a short calculation (similar to the one in part (b)) yields

O1E1jO1 = E−1
1j if j 6= 1 and

O1Ei1O1 = E−1
i1 if i 6= 1.

In Chapter 4 we will need a special presentation of GL(n,Z). We

obtain this presentation from Proposition 1.4 by applying Tietze trans-

formations. For this let Oi := diag(1, . . . , 1,−1, 1, . . . , 1) be the diagonal

matrix with a −1 at the (i, i)-th position (see Notation). We add these el-

ements to the set of generators from Proposition 1.4 and get the following

presentation.

Proposition 1.5 (Second Presentation of GL(n,Z)).

(a) GL(1,Z) = 〈O1 | O2
1 = 1〉 = C2.

(b) GL(2,Z) has a finite presentation with four generators E12, E21,

O1 and O2 subject to the following relations

1.) E12E
−1
21 E12E21E

−1
12 E21 = 1,

2.) (E12E
−1
21 E12)

4 = 1,

3.) (O1E12)
2 = 1,

4.) (O1E21)
2 = 1,

5.) O2
1 = 1,

6.) E−1
12 E

2
21O1E12E

−2
21 O

−1
2 = 1.

8
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(c) For n ≥ 3 the group GL(n,Z) has a finite presentation with n(n−
1) + n generators Eij and Oi subject to the following relations

1.) [Eij, Ekl] = 1 if j 6= k, i 6= l,

2.) [Eij, Ejk]E
−1
ik = 1 if i, j, k are pairwise distinct,

3.) (E12E
−1
21 E12)

4 = 1,

4.) (O1E1j)
2 = 1 if j 6= 1,

5.) (O1Ei1)
2 = 1 if i 6= 1,

6.) O1EijO1E
−1
ij = 1 if i, j 6= 1,

7.) O2
1 = 1,

8.) E−1
1j E

2
j1O1E1jE

−2
j1 O

−1
j = 1 if j 6= 1.

Proof. Part (a) is clear.

For (b) it suffices to express the new generator O2 in terms of the other

generators. Thus, we just have to show that O2 = E−1
12 E

2
21O1E12E

−2
21 :(

1 −1

0 1

)(
1 0

2 1

)(
−1 0

0 1

)(
1 1

0 1

)(
1 0

−2 1

)

=

(
−1 −1

2 1

)(
−1 0

0 1

)(
1 1

0 1

)(
1 0

−2 1

)

=

(
1 −1

−2 1

)(
1 1

0 1

)(
1 0

−2 1

)

=

(
1 0

−2 1

)(
1 0

−2 1

)

=

(
1 0

0 −1

)
.

For (c) we have to show that E−1
1j E

2
j1O1E1jE

−2
j1 O

−1
j = 1 if j 6= 1. The

proof is analogous to the case n = 2.

1.3 Some facts about finitely presented groups

Let G and H be two finitely presented groups and let ϕ : G � H be

a surjective homomorphism. We are now interested in the kernel of ϕ.

If H is a finite group, then the index of ker(ϕ) in G is finite. By the

9



Chapter 1. Presentation of Groups

following proposition, we conclude that in this case ker(ϕ) is also finitely

presented.

Proposition 1.6. Let G be a finitely presented group and K a subgroup

of finite index in G. Then K is also finitely presented.

Proof. See [16] Chapter 2.3.

In the case that the index of a subgroup K in a group G is infinite,

it is not easy to decide whether or not K is finitely presented. Actually,

it is already difficult to decide whether K is finitely generated. However,

in the rest of this chapter we supply some results, which we are going to

use later to prove that the Torelli groups are finitely generated.

Let G = 〈g1, . . . , gn〉 be a finitely generated group, H a finitely pre-

sented group and ϕ : G � H a surjective homomorphism of G onto H.

Define hi := ϕ(gi) for 1 ≤ i ≤ n. The set {hi | 1 ≤ i ≤ n} is then a set of

generators of H. Since H is finitely presented, it follows by Proposition

1.1 that there exist defining relations R1, . . . , Rm such that

H = 〈h1, . . . , hn | R1(h1, . . . , hn), . . . , Rm(h1, . . . , hn)〉.

Notice, that the following diagram commutes

G

ϕ

����

Fn

g
88 88ppppppppppppp

h && &&NNNNNNNNNNNNN

H

where Fn = 〈x1, . . . , xn〉 is the free group on n generators and g : Fn → G

and h : Fn → H are the homomorphisms which send xi to gi and xi to

hi, respectively.

Proposition 1.7. Let G, H and ϕ : G � H be as above. Then we have

ker(ϕ) = NC (R1(g1, . . . , gn), . . . , Rm(g1, . . . , gn)) ,

where NC(R1 (g1, . . . , gn), . . . , Rm(g1, . . . , gn)) denotes the normal closure

of R1(g1, . . . , gn), . . . , Rm(g1, . . . , gn) in G.

10
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Proof. Since

ϕ(Rj(g1, . . . , gn)) = Rj(ϕ(g1), . . . , ϕ(gn)) = Rj(h1, . . . , hn)

for 1 ≤ j ≤ m, it is clear, that NC (R1(g1, . . . , gn), . . . , Rm(g1, . . . , gn)) ⊆
ker(ϕ). We now show the inverse inclusion

ker(ϕ) ⊆ NC (R1(g1, . . . , gn), . . . , Rm(g1, . . . , gn)) .

Let g0 ∈ ker(ϕ). Remember that the following diagram commutes.

G

ϕ

����

Fn

g
88 88ppppppppppppp

h && &&NNNNNNNNNNNNN

H

Since g : Fn � G is onto, we find a word w(x1, . . . , xn) ∈ Fn such that

g(w(x1, . . . , xn)) = g0. It follows that

1 = ϕ(g0) = ϕ(g(w(x1, . . . , xn))) = h(w(x1, . . . , xn))

and we conclude that w(x1, . . . , xn) ∈ ker(h). Hence

w(x1, . . . , xn) ∈ NC(R1(x1, . . . , xn), . . . , Rm(x1, . . . , xn)).

This means that

g0 = g(w(x1, . . . , xn)) ∈ NC(R1(g1, . . . , gn), . . . , Rm(g1, . . . , gn)).

Corollary 1.8. Let G be finitely generated abelian group. Further let H

and π : G � H be as above. Then we have

ker(ϕ) = 〈R1(g1, . . . , gn), . . . , Rm(g1, . . . , gn)〉.

In particular ker(ϕ) is finitely generated as a group.

Proof. This is clear, since in an abelian group the normal closure of a

subgroup is just the same subgroup.

11
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Proposition 1.9. Let G, H and ϕ : G � H be as above and let K ≤ G

be a subgroup of G with the following properties:

1.) K is a normal subgroup of G,

2.) Rj(g1, . . . , gn) ∈ K for 1 ≤ j ≤ m and

3.) K ⊆ ker(ϕ).

Then we have K = ker(ϕ).

Proof. By 3.) it is sufficient to show that ker(ϕ) ⊆ K:

ker(ϕ)
Prop. 1.7

= NC (R1(g1, . . . , gn), . . . , Rm(g1, . . . , gn))
1.) + 2.)

⊆ K.

The most difficult part when applying Proposition 1.9 might be to

verify, whether or not K is a normal subgroup of G. But if K is finitely

generated as a group, this can be done with the help of the following

lemma.

Lemma 1.10. Let G = 〈g1, . . . , gs〉 be a finitely generated group and let

K = 〈u1, . . . , ut〉 be a finitely generated subgroup of G. Then K is a

normal subgroup of G if and only if

giujg
−1
i ∈ K and g−1

i ujgi ∈ K

for 1 ≤ i ≤ s and 1 ≤ j ≤ t.

Proof. If K is a normal subgroup of G then we obviously have giujg
−1
i ∈

K and g−1
i ujgi ∈ K. Hence we have to show that if giujg

−1
i ∈ K and

g−1
i ujgi ∈ K for 1 ≤ i ≤ s and 1 ≤ j ≤ t, then K is a normal subgroup

of G.

Since giujg
−1
i ∈ K and g−1

i ujgi ∈ K, their inverses are also in K

giu
−1
j g−1

i ∈ K, g−1
i u−1

j gi ∈ K. (1.3)

Let g = g
ei1
i1
· . . . · gein

in
be an element of G and u = u

dj1
j1
· . . . · udjm

jm
be an

element of K with eij , djk ∈ {−1, 1}. We have to show, that gug−1 ∈ K.

Since

gug−1 = gu
dj1
j1
g−1 · . . . · gudjm

jm
g−1

12



Chapter 1. Presentation of Groups

it suffices to show that guδjg
−1 ∈ K for each j ∈ {1, . . . , t} and δ ∈

{−1, 1}. We do this by induction on the length n of g:

In case n = 1 the assertion follows directly from the assumptions

and (1.3). Now suppose that the assertion holds for n and let g =

g
ei1
i1
· . . . · gein

in
· gein+1

in+1
be of length n + 1. Define h := g

ei2
i2
· . . . · gein+1

in+1
.

Because h is of length n we can apply the induction hypothesis and get

huδjh
−1 ∈ K, say huδjh

−1 = u
dk1
k1
· . . . · udkm

km
with dkl

∈ {−1, 1}. Then we

have

guδjg
−1 = g

ei1
i1
· huδjh−1 · g−ei1

i1

= g
ei1
i1
·
(
u
dk1
k1
· . . . · udkm

km

)
· g−ei1

i1

= g
ei1
i1
· udk1

k1
· g−ei1

i1
· . . . · gei1

i1
u
dkm
km
· g−ei1

i1

=
(
g
ei1
i1
· udk1

k1
· g−ei1

i1

)
· . . . ·

(
g
ei1
i1
u
dkm
km
· g−ei1

i1

)
.

This is in K by assumption and (1.3).
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Chapter 2

Commutator Calculus

In this chapter we first recall some elementary definitions and facts about

commutator calculus. After introducing commutator subgroups, we de-

fine the lower central series

G = γ0(G) ≥ γ1(G) ≥ γ2(G) ≥ . . .

of a group G. After this, we study the quotients γi(G)/γi+1(G) for i ≥ 0.

For example, we give a set of generators for these quotients if G is a

finitely generated group. At the end of the chapter, we show that if

1 −→ K −→ G
ϕ−→ H −→ 1

is an exact sequence, then γi(K)/γi+1(K) carries the structure of an

H-module. We will apply this to the generalized Torelli groups Kn in

Chapter 6.

We start by recalling the following definition.

Definition 2.1. Let G be a group and let g1, g2, . . . ∈ G. The commu-

tator [g1, g2] is defined by

[g1, g2] = g1g2g
−1
1 g−1

2 .

More generally we inductively define

[g1, . . . , gn] := [g1, [g2, . . . , gn]]

for n ≥ 3. Commutators of the form [g1, . . . , gn] are called simple com-

mutators. �

Lemma 2.2. Let G be a group and a, b, c ∈ G. Then the following

commutator identities hold:

14



Chapter 2. Commutator Calculus

a) [a, b]−1 = [b, a],

b) [ab, c] = [a, [b, c]] · [b, c] · [a, c] = [a, b, c] · [b, c] · [a, c],

c) [a, bc] = [a, b] · [b, [a, c]] · [a, c] = [a, b] · [b, a, c] · [a, c].

Proof. Part a) is obvious. The proof of b) and c) is given by the following

short calculation:

[ab, c] = abcb−1a−1c−1

= abcb−1c−1a−1cbc−1b−1bcb−1c−1aca−1c−1

= [a, [b, c]] · [b, c] · [a, c],

[a, bc] = abca−1c−1b−1

= aba−1b−1baca−1c−1b−1cac−1a−1aca−1c−1

= [a, b] · [b, [a, c]] · [a, c].

Definition 2.3. Let G be a group and let G1, G2, . . . be non-empty

subsets of G. Define

[G1, G2] := 〈[g1, g2] | g1 ∈ G1, g2 ∈ G2〉

to be the commutator subgroup of G1 and G2. More generally, we induc-

tively define

[G1, . . . , Gn] := [G1, [G2, . . . , Gn]]

for n ≥ 3. �

Remark 2.4. By Lemma 2.2 part a), we have

[G1, G2] = [G2, G1].

Definition 2.5. Let G be a group. We define

γ0(G) := G and γk(G) := [G, γk−1(G)] for k ≥ 1.

The resulting series

G = γ0(G) ≥ γ1(G) ≥ γ2(G) ≥ . . .

is called the lower central series of G. �

15
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By definition, the subgroups γk(G) are normal inG. Actually they are

fully invariant subgroups of G, i.e. they are closed under every endomor-

phism of G. Notice that γk(G)/γk+1(G) lies in the center of G/γk+1(G).

Hence γk(G)/γk+1(G) is an abelian group.

The following proposition is taken from [8] Chapter 10:

Proposition 2.6. Let G be a finitely generated group with generators

x1, . . . , xr, then γk(G)/γk+1(G) is generated by the simple commutators

[y1, y2, . . . , yk+1] mod γk+1(G) , where yi ∈ {x1, . . . , xr}.

Lemma 2.7. Let G be a group, [g1, . . . , gn] ∈ γn−1(G) and m ∈ N. Then

[g1, [g2, . . . , gn]
m] ≡ [g1, [g2, . . . , gn]]

m mod γn(G).

Proof. Induction on m:

The case m = 1 is obvious. Suppose that the assertion holds for m. We

have

[g1, [g2, . . . , gn]
(m+1)] = [g1, [g2, . . . , gn] · [g2, . . . , gn]

m]
L. 2.2
= [g1, [g2, . . . , gn]] · [[g2, . . . , gn], [g1, [g2, . . . , gn]

m]] · [g1, [g2, . . . , gn]
m]

≡ [g1, [g2, . . . , gn]] · [g1, [g2, . . . , gn]
m]

by Ind.
≡ [g1, [g2, . . . , gn]]

(m+1) mod γn(G).

Lemma 2.8. Let G be a group and [g1, [g2, . . . , gn]] ∈ γn−1(G). If

[g2, . . . , gn]
m ≡ 0 mod γn−1(G)

for some m ∈ N, then

[g1, [g2, . . . , gn]]
m ≡ 0 mod γn(G).

Proof. By assumption, we have [g2, . . . , gn]
m ∈ γn−1(G). It follows that

[g1, [g2, . . . , gn]]
m Lem. 2.7≡ [g1, [g2, . . . , gn]

m︸ ︷︷ ︸
∈γn−1(G)

] ≡ 0 mod γn(G).
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Lemma 2.9. Let G be a group and g1, g2 ∈ G. Then we have

[g−1
1 , g2] ≡ [g2, g1] mod γ2(G) and [g1, g

−1
2 ] ≡ [g2, g1] mod γ2(G).

Proof. Consider following equation

1 = [g1g
−1
1 , g2]

L. 2.2
= [g1, [g

−1
1 , g2]] · [g−1

1 , g2] · [g1, g2]

≡ [g−1
1 , g2] · [g1, g2] mod γ2(G).

It follows that

[g−1
1 , g2] ≡ [g1, g2]

−1 L. 2.2
= [g2, g1] mod γ2(G).

The proof of the second congruence is analogue.

The next proposition and the corollaries will be very useful in Chapter

6, where we study quotients of the lower central series of the generalized

Torelli group Kn.

Proposition 2.10. Let G be a group. Then there are surjective homo-

morphisms

εi : Gab ⊗Z (γi(G)/γi+1(G)) � γi+1(G)/γi+2(G)

(gG′)⊗Z (aγi+1(G)) 7→ [g, a]γi+2(G).

Proof. For a proof see [15] Chapter 5.

Corollary 2.11. Let G be a group. If there is some m ∈ N such that

γm(G)/γm+1(G) = 0, then γk(G)/γk+1(G) = 0 for all k ≥ m.

Proof. We show that γm+1(G)/γm+2(G) = 0. The corollary follows then

by induction. Consider

εm : Gab ⊗Z (γm(G)/γm+1(G)) � γm+1(G)/γm+2(G).

Since γm(G)/γm+1(G) = 0, we obtain

εm : Gab ⊗Z 0 � γm+1(G)/γm+2(G).

Hence γm+1(G)/γm+2(G) = 0.

17



Chapter 2. Commutator Calculus

Corollary 2.12. Let G be a group with the property that Gab is finitely

generated. If there is some m ∈ N such that γm(G)/γm+1(G) is finite,

then γk(G)/γk+1(G) is finite for all k ≥ m.

Proof. It suffices to show that γm+1(G)/γm+2(G) is finite. For this con-

sider

εm : Gab ⊗Z (γm(G)/γm+1(G)) � γm+1(G)/γm+2(G).

By assumption, the group Gab is a finitely generated abelian group, i.e.

Gab ∼= Zr ⊕ Tors(Gab). Since F := γm(G)/γm+1(G) is finite, we get

Gab ⊗Z (γm(G)/γm+1(G)) ∼= (Zr ⊕ Tors(Gab))⊗Z F

∼= (Zr ⊗Z F )⊕
(
Tors(Gab)⊗ F

) ∼= F r ⊕
(
Tors(Gab)⊗ F

)
,

which shows that Gab⊗Z (γm(G)/γm+1(G)) is also finite. Since εm is onto

this implies that γm+1(G)/γm+2(G) is finite.

Corollary 2.13. Let G be a group with the property that Gab is finitely

generated with n generators. If there is some m ∈ N such that

γm(G)/γm+1(G) ∼= (Z/2Z)t,

then γm+i(G)/γm+i+1(G) ∼= (Z/2Z)bi for all i ≥ 1 and

0 ≤ bi ≤ t · nk.

Proof. By Proposition 2.10, there is a surjective homomorphism

εi : Gab ⊗Z (γi(G)/γi+1(G)) � γi+1(G)/γi+2(G).

By assumption we have

Gab ⊗Z (γi(G)/γi+1(G)) ∼= Gab ⊗Z (Z/2Z)t ∼= (Gab ⊗Z Z/2Z)t,

which is isomorphic to (Z/2Z)b
′
1 with

0 ≤ b′1 ≤ n · t.

Since the kernel of εi is a subgroup of (Z/2Z)b
′
1 , we obtain ker(εi) ∼=

(Z/2Z)
eb1 with 0 ≤ b̃1 ≤ b′1. Hence

γi+1(G)/γi+2(G) ∼= (Z/2Z)b
′
1/(Z/2Z)

eb1 ∼= (Z/2Z)b1

with

0 ≤ b1 ≤ n · t.

The lemma follows then by induction.
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Definition 2.14. Let G be a group.

a) G is called nilpotent, if γi0(G) = 1 for some i0.

b) G is called residually nilpotent, if

∞⋂
i=0

γi(G) = 1.

�

Remark 2.15. It follows that the residually nilpotent groups are exactly

those groups G which satisfy the following condition:

For each g ∈ G, g 6= 1, there exists a normal subgroup Ng of G such that

g 6∈ Ng and G/Ng is nilpotent.

Proposition 2.16. Let G be a group with the following two properties:

1. γi(G)/γi+1(G) is torsion-free for all i ≥ 0,

2. G is residually nilpotent.

Then it follows that G is also torsion-free.

Proof. Assume that G is not torsion-free, i.e. there exists an element

g ∈ G \ {1} and n ∈ N, n ≥ 2, such that gn = 1. We show by induction

on i that g ∈ γi(G) for all i ≥ 0.

The case i = 0 is clear, since G = γ0(G). Now suppose that g ∈ γi(G).

We have to show that g ∈ γi+1(G). By assumption, we have

gn ≡ 1 mod γi+1(G).

But γi(G)/γi+1(G) is torsion-free. Hence

g ≡ 1 mod γi+1(G),

i.e. g ∈ γi+1(G).

Thus, we showed that g ∈ γi(G) for all i ≥ 0. So g ∈
⋂∞
i=0 γi(G) =

{1}, contradiction.
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For the rest of this chapter let G and H be groups and

1 −→ K −→ G
ϕ−→ H −→ 1

an exact sequence. We want to define a group action of H on the abelian

group γi(K)/γi+1(K). To ease the notation, set γi := γi(K). Let h ∈ H
and g ∈ G with ϕ(g) = h. Then we define ∗ : H × γi/γi+1 → γi/γi+1 by

h ∗ (k · γi+1) := gkg−1 · γi+1.

Proposition 2.17. The map ∗ : H × γi/γi+1 → γi/γi+1 defined above

gives us a well defined action of H on γi/γi+1, i.e. the abelian group

γi/γi+1 becomes an H-module.

Proof. For the complete proof, let k ∈ γi, h ∈ H and g ∈ G with

ϕ(g) = h. We divide the proof into two steps. In the first step we show

that the map ∗ : H × γi/γi+1 → γi/γi+1 is well defined. In the second

step we prove that the map ∗ : H × γi/γi+1 → γi/γi+1 gives us an action

of H on γi/γi+1.

1.) The map ∗ : H × γi/γi+1 → γi/γi+1 is well defined:

a) xkx−1 ∈ γi for all x ∈ G:

Let ix : G → G be the inner automorphism, which sends g

to xgx−1 for all g ∈ G. Since K is a normal subgroup, the

restriction ix|K : K → G is an endomorphism of K. In fact

ix|K ∈ Aut(K). The inverse is given by ix−1|K . It follows that

ix|K(γi) ≤ γi

for all i ∈ N, because γi is a fully invariant subgroup of K.

Hence we proved that xkx−1 ∈ γi.

b) h ∗ (k1 · γi+1) = h ∗ (k2 · γi+1) for k1 · γi+1 = k2 · γi+1:

Let k1, k2 ∈ γi with k1 · γi+1 = k2 · γi+1, i.e. k−1
2 k1 ∈ γi+1. By

a) we have gk−1
2 k1g

−1 ∈ γi+1. Hence

h ∗ (k2 · γi+1) = gk2g
−1 · γi+1 = gk2g

−1gk−1
2 k1g · γi+1

= gk1g
−1 · γi+1 = h ∗ (k1 · γi+1).
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c) g1kg
−1
1 · γi+1 = g2kg

−1
2 · γi+1 for g1, g2 ∈ G with ϕ(g1) = ϕ(g2):

Let g1, g2 ∈ G with ϕ(g1) = ϕ(g2). It follows that ϕ(g−1
2 g1) =

1, i.e. g−1
2 g1 ∈ ker(ϕ) = K. The element [g−1

1 g2, k
−1] lies in

γi+1. By a) we conclude that

g2k
−1g−1

2 g1kg
−1
1 = g1[g

−1
1 g2, k

−1]g−1
1 ∈ γi+1.

Thus

g2kg
−1
2 · γi+1 = g2kg

−1
2 g2k

−1g−1
2 g1kg

−1
1 · γi+1

= g1kg
−1
1 · γi+1.

2.) The map ∗ : H × γi/γi+1 → γi/γi+1 gives us an action of H on

γi/γi+1:

a) 1H ∗ (k · γi+1) = k · γi+1:

Since ϕ(1G) = 1H , we have

1H ∗ (k · γi+1) = 1G · k · 1−1
G · γi+1 = k · γi+1.

b) (h1h2) ∗ (k · γi+1) = (h1 ∗ (h2 ∗ (k · γi+1)) for h1, h2 ∈ H:

Let g1, g2 ∈ G with ϕ(g1) = h1 and ϕ(g2) = h2. It follows that

ϕ(g1g2) = h1h2. Hence

(h1h2) ∗ (k · γi+1) = g1g2kg
−1
2 g−1

1 · γi+1

= h1 ∗ (g2kg
−1
2 · γi+1)

= (h1 ∗ (h2 ∗ (k · γi+1)).

c) h ∗ (k1 · γi+1 + k2 · γi+1) = h ∗ (k1 · γi+1) + h ∗ (k2 · γi+1) for

k1, k2 ∈ γi:
Let k1, k2 ∈ γi. Then we have

h ∗ (k1 · γi+1 + k2 · γi+1) = h ∗ (k1k2 · γi+1)

= gk1k2g
−1 · γi+1

= gk1g
−1gk2g

−1 · γi+1

= gk1g
−1 · γi+1 + gk2g

−1 · γi+1

= h ∗ (k1 · γi+1) + h ∗ (k2 · γi+1).
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Chapter 3

The classical Torelli Groups

Let Fn be the free group on n generators. A classical representation of

Aut(Fn) is given by

ρ1 : Aut(Fn)→ Aut(Fn/F
′
n)
∼= GL(n,Z),

where F ′n is the commutator subgroup of Fn and ρ1(ϕ) is the automor-

phism of the abelian group Fn/F
′
n induced by ϕ ∈ Aut(Fn). In Section

3.1 we summarize well-known facts about the kernel of ρ1, which is called

the classical Torelli group IA(Fn). In Section 3.2 we introduce more rep-

resentations of Aut(Fn), which lead to generalized Torelli groups IAi(Fn).

Furthermore, we compare the series given by the IAi(Fn) with the lower

central series γi(IA(Fn)).

3.1 Fundamentals

Let Fn be the free group generated by x1, . . . , xn (n ≥ 2) and Aut(Fn)

its group of automorphisms. Let us introduce the following elements of

Aut(Fn). Our convention here is that values not given are identical to

the argument.

• λij : {xi 7→ xjxi} for 1 ≤ i, j ≤ n with i 6= j,

• νij : {xi 7→ xixj} for 1 ≤ i, j ≤ n with i 6= j,

• σi : {xi 7→ x−1
i } for 1 ≤ i ≤ n,

• πij : {xi 7→ xj, xj 7→ xi} for 1 ≤ i, j ≤ n with i 6= j,

• κijk : {xi 7→ xixjxkx
−1
j x−1

k } for 1 ≤ i, j, k ≤ n with i, j, k pairwise

distinct,
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Chapter 3. The classical Torelli Groups

• konij : {xi 7→ xjxix
−1
j } for 1 ≤ i, j ≤ n with i 6= j.

A theorem of Nielsen (see [14]) says that Aut(Fn) is generated by the

automorphisms λij, νij, πij for 1 ≤ i, j ≤ n with i 6= j and σi for 1 ≤ i ≤
n. In [14] Nielsen did not only show that Aut(Fn) is finitely generated,

he actually proved that Aut(Fn) is finitely presented by constructing a

finite set of defining relations. The finite presentation of Aut(F2) is given

in the next proposition.

Proposition 3.1. The automorphism group Aut(F2) has the following

finite presentation

Aut(F2) = 〈π12, σ1, ν12 | π2
12 = 1, σ2

1 = 1, (σ1 ◦ π12)
4 = 1,

σ−1
1 ◦ ν−1

12 ◦ σ−1
1 ◦ ν−1

12 ◦ σ1 ◦ ν12 ◦ σ1 ◦ ν12 = 1,

(ν12 ◦ π12 ◦ σ1 ◦ π12)
2 = 1,

(σ1 ◦ π12 ◦ ν12)
3 = 1〉.

Proof. See [16] Chapter 3.5.

A classical representation of Aut(Fn) is given by

ρ1 : Aut(Fn)→ Aut(Fn/F
′
n)
∼= GL(n,Z),

where F ′n is the commutator subgroup of Fn and ρ1(ϕ) is the automor-

phism of the abelian group Fn/F
′
n induced by ϕ ∈ Aut(Fn). Let us

consider the images of the generators of Aut(Fn) under ρ1:

ρ1(λij) = Eji, ρ1(νij) = Eji,

ρ1(σi) = Oi, ρ1(πij) = Pij.

For the definition of Eij, Oi and Pij see the Notation at the beginning.

Because Eij and Oi generate GL(n,Z) by Proposition 1.5, we see that

ρ1 is onto. The kernel of ρ1 is called the classical Torelli group and is

denoted by IA(Fn). Thus we have an exact sequence

1→ IA(Fn)→ Aut(Fn)→ GL(n,Z)→ 1. (3.1)

Since Aut(Fn) is finitely generated and GL(n,Z) is finitely presented, it

is clear by Proposition 1.7 that IA(Fn) is finitely generated as a normal
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subgroup of Aut(Fn). By (3.1) the group IA(Fn) has infinite index in

Aut(Fn). Hence there is no reason why IA(Fn) should be finitely gener-

ated as a group. Indeed our intuition tells us that it should be infinitly

generated. But in contrast a theorem of Nielsen and Magnus ([13],[11])

asserts the opposite, namely that the classical Torelli group IA(Fn) is a

finitely generated group. Actually explicit generators are given:

Theorem 3.2 (Nielsen/Magnus).

(a) The group IA(F2) is generated by the automorphisms

kon12 : {x1 7→ x2x1x
−1
2 } and kon21 : {x2 7→ x1x2x

−1
1 }.

In particular IA(F2) = Inn(F2).

(b) For n ≥ 3 the group IA(Fn) is generated by the automorphisms

konij : {xi 7→ xjxix
−1
j } (i 6= j),

κijk : {xi 7→ xixjxkx
−1
j x−1

k } (i, j, k pairwise distinct).

The idea of the proof is to apply Proposition 1.9 and Lemma 1.10

(see [13] and [11]).

Define now Aut+(Fn) to be the subgroup of Aut(Fn) whose image

under ρ1 lies in SL(n,Z) , i.e.

Aut+(Fn) := {ϕ ∈ Aut(Fn) | det(ρ1(ϕ)) = 1} = ker(det ◦ρ1).

The subgroup Aut+(Fn) is a normal subgroup of index two in Aut(Fn).

By Nielsen (see [16]) Aut+(Fn) is generated by the automorphisms λij
and νij for i = 1, . . . n with i 6= j. Hence ρ1 : Aut+(Fn) → SL(n,Z) is

onto and we obtain the exact sequence

1→ IA(Fn)→ Aut+(Fn)→ SL(n,Z)→ 1.

3.2 Series of IA(Fn)

Let us consider the lower central series of the group IA(Fn)

IA(Fn) = γ0(IA(Fn)) ≥ γ1(IA(Fn)) ≥ γ2(IA(Fn)) ≥ . . . . (3.2)
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There is another central series of IA(Fn), which is more studied than the

lower central series (3.2). Let us now construct this series.

For this let

Fn = γ0(Fn) ≥ γ1(Fn) ≥ γ2(Fn) ≥ . . .

be the lower central series of the free group Fn. Since the group γi(Fn)

is a characteristic subgroup of Fn we obtain homomorphisms

ρi : Aut(Fn)→ Aut(Fn/γi(Fn)),

where ρi(ϕ) is the automorphism of the abelian group Fn/γi(Fn) induced

by ϕ ∈ Aut(Fn). Notice that for i = 1 this coincides with the classical

representation ρ1. Define

IAi(Fn) := ker(ρi).

The automorphisms in IAi(Fn) are those, which induce the identity on

Fn/γi(Fn). The groups IAi(Fn) are called generalized Torelli groups. In

fact, we have IA1(Fn) = IA(Fn).

By this construction, we obtain the following central series (see [1])

IA(Fn) = IA1(Fn) ≥ IA2(Fn) ≥ IA3(Fn) ≥ . . . . (3.3)

The next proposition collects some results about this much investigated

series.

Proposition 3.3.

a) IAi(Fn)/ IAi+1(Fn) is torsion-free abelian (see [1]).

b) IA2(Fn) = γ1(IA1(Fn)) (see [3]).

c)
⋂∞
i=0 IAi(Fn) = 1 (see [1]).

d) IAi(Fn) ∩ Inn(Fn) = γi−1(Inn(Fn)) ∼= γi−1(Fn) (see [6]).

e) γi(IA(Fn)) ≤ IAi+1(Fn) (see [1]).

By this proposition, we see that the two central series (3.2) and (3.3)

fit together in the following way
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IA1(Fn) ≥ IA2(Fn) ≥ IA3(Fn) ≥ IA4(Fn) ≥ . . .

= = ≤ ≤

γ0(IA(Fn)) ≥ γ1(IA(Fn)) ≥ γ2(IA(Fn)) ≥ γ3(IA(Fn)) ≥ . . .

In the case n = 2 Andreadakis showed in [1] that these two series

coincide, i.e. IAi(F2) = γi−1(IA(F2)) for all i ∈ N. This leads to the

following conjecture.

Conjecture 3.4. Let n ≥ 3. Then we have

IAi(Fn) = γi−1(IA(Fn))

for all i ∈ N.

From Proposition 3.3 we obtain the following corollary.

Corollary 3.5. Let n ≥ 2. The classical Torelli group IA(Fn) is torsion-

free and residually nilpotent.

Proof. By Proposition 3.3 part c) and e) we have
⋂∞
i=0 IAi(Fn) = 1 and

γi(IA(Fn)) ≤ IAi+1(Fn). But then it follows that

∞⋂
i=0

γi(IA(Fn)) = 1,

i.e. IA(Fn) is residually nilpotent. Now we apply Proposition 2.16 to see

that IA(Fn) is torsion-free.

Formanek constructs in [6] the following Aut(Fn)-equivarient homo-

morphisms

εi : IAi(Fn)/ IAi+1(Fn) → HomZ(Fn/[Fn, Fn], γi(Fn)/γi+1(Fn))

Φ · IAi+1(Fn) 7→ (x · [Fn, Fn] 7→ Φ(x)x−1 · γi+1(Fn)),

where the action of Aut(Fn) on the groups IAi(Fn)/ IAi+1(Fn) and

HomZ(Fn/[Fn, Fn], γi(Fn)/γi+1(Fn)) is given by conjugation. The action

is trivial when restricted to IA(Fn). Thus the εi are Aut(Fn)/ IA(Fn)-

homomorphisms, i.e. GL(n,Z)-homomorphisms. The construction of
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these GL(n,Z)-homomorphisms is similar to the construction of the so-

called Johnson homomorphisms in the theory of mapping class groups

(see [9]).

In the case i = 1 the homomorphism ε1 is an ismorphism (see [3],[6]):

IA1(Fn)/ IA2(Fn) ∼= HomZ(Fn/[Fn, Fn], γ1(Fn)/γ2(Fn))

∼= HomZ(Zn,Λ2(Zn)),

where Λ2(Zn) is the second exterior power of Zn. Since we have IA2(Fn) =

γ1(IA(Fn)) by Proposition 3.3, we obtain

IA(Fn)
ab ∼= HomZ(Zn,Λ2(Zn)).

After tensoring with C, we obtain

IA(Fn)
ab ⊗Z C ∼= Cn ⊕ Vn

as a GL(n,C)-module, where Vn is a certain GL(n,C)-module of dimen-

sion dimC(Vn) = n(n+1)(n− 2)/2 which is irreducible even as SL(n,C)-

module (see [6]).
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Generalized Torelli Groups

This chapter is concerned with the main subject of the thesis. In Section

4.1 we describe the construction of the representations

ρG,π : Γ(G, π)→ GG,π(Z),

where Γ(G, π) is a subgroup of Aut(Fn) with finite index. This construc-

tion is introduced by F. Grunewald und A. Lubotzky in [5]. Section 4.2

deals with the special case G = C2. We introduce the representation

σ−1 : Γ+(C2, π)→ GL(n− 1,Z).

We show that the map σ−1 is surjective by analysing the images of the

generators of Γ+(C2, π). Hence the kernelKn of σ−1 fits into the following

exact sequence

1→ Kn → Γ+(C2, π)→ GL(n− 1,Z)→ 1.

Our main theorem states that Kn is finitly generated as a group. Gen-

erators of Kn are given explicitly. This is done in Section 4.3. Note that

our main theorem corresponds to the theorem of Nielsen and Magnus

(see Theorem 3.2).

4.1 Construction of the representation ρG,π

The representations, which we describe here, are introduced by F. Grune-

wald und A. Lubotzky in [5].

Let G be a finite group and π : Fn � G a surjective homomorphism

of the free group Fn onto G, i.e. π is a presentation of G. Moreover, let

R := ker(π) be the kernel of π. Then R is a finitely generated free group.
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By the formula of Reidemeister and Schreier (see [16] Chapter 2.4) we

obtain that R is free on

|G| · (n− 1) + 1

generators. Now we define

Γ(R) := {ϕ ∈ Aut(Fn) | ϕ(R) = R} ≤ Aut(Fn)

and

Γ(G, π) := {ϕ ∈ Γ(R) | ϕ induces the identity on Fn/R} ≤ Aut(Fn).

Both subgroups Γ(R) and Γ(G, π) have finite index in Aut(Fn) (see [2]).

Define further

R̄ := R/[R,R] = Rab.

The action of Fn on R by conjugation leads to an action of the group G

on R̄. The group R̄ is called the relation module. Every automorphism

ϕ ∈ Γ(R) induces a linear automorphism ϕ̄ ∈ Aut(R̄). By a result of

Gaschütz (see [7]), we have

Γ(G, π) = {ϕ ∈ Γ(R) | ϕ̄ : R̄→ R̄ is G-equivariant}.

The relation module R̄ is a finitely generated free abelian group. Let

t := |G| · (n− 1) + 1 denote the Z-rank of R̄. We define

GG,π := AutG(C⊗Z R̄) ≤ GL(t,C).

The group GG,π is the centraliser of the group G acting on C⊗ZR̄ through

matrices with rational entries. We set

GG,π(Z) := {Φ ∈ GG,π | Φ(R̄) = R̄}.

Choosing a Z-basis of R̄ we obtain an integral linear representation

ρG,π : Γ(G, π) → GG,π(Z)

ϕ 7→ ϕ̄.
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4.2 The representation σ−1

The next constructions are taken from [5] Section 6. Let Fn (n ≥ 2) be

the free group generated by x, y1, . . . , yn−1. Later we will see that the

generator x will play a special role. That is the reason why we denote the

generators this way. Let us introduce the following elements of Aut(Fn).

Our convention is that values not given are identical to the argument.

• δi : {x 7→ yix} and εi : {x 7→ xyi} for i = 1, . . . n− 1,

• ϕi : {yi 7→ xyi} and ψi : {yi 7→ yix} for i = 1, . . . n− 1,

• λij : {yi 7→ yjyi} and νij : {yi 7→ yiyj} for i = 1, . . . n−1 with i 6= j.

A theorem of Nielsen (see Chapter 3) asserts that these elements generate

Aut+(Fn). Let us introduce further

• κjk : {x 7→ x[yj, yk]}, κijk : {yi 7→ yi[yj, yk]} for 1 ≤ i, j, k ≤ n − 1

with i, j, k pairwise distinct,

• τij : {yi 7→ yi[x, yj]} for 1 ≤ i, j ≤ n− 1 with i 6= j,

• konix : {yi 7→ xyix
−1}, konxi : {x 7→ yixy

−1
i } and konij : {yi 7→

yjyiy
−1
j } for 1 ≤ i, j ≤ n− 1 with i 6= j.

The set consisting of the κjk, κijk, τij, konix, konxi and konij generates

the group IA(Fn) by Theorem 3.2.

Now let G := C2 the cyclic group of order two generated by g and

π : Fn → C2 be the following presentation

π(x) := g, π(y1) = 1, . . . , π(yn−1) = 1.

The kernel R of this presentation consists exactly of those elements of Fn
with an even number of x’s. By the formula of Reidemeister and Schreier

this is a free group of rank 2n− 1. Free generators are given by

x2, y1, . . . , yn−1, xy1x
−1, . . . , xyn−1x

−1.

The corresponding relation module R̄ has then the following Z-basis

x2, y1, . . . , yn−1, xy1x−1, . . . , xyn−1x−1.
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By the construction described in Section 4.1 we obtain the integral linear

representation

ρC2,π : Γ(C2, π)→ GL(R̄) ∼= GL(2n− 1,Z).

Set now

Γ+(C2, π) := {ϕ ∈ Γ(C2, π) | det(ρ1(ϕ)) = 1}.

Lemma 4.1. The index of Γ+(C2, π) in Aut+(Fn) is 2n − 1.

Proof. See [5], [2].

The restriction of ρC2,π on Γ+(C2, π) leads to the integral linear rep-

resentation

ρC2,π : Γ+(C2, π)→ GL(R̄) ∼= GL(2n− 1,Z).

The Q-vector space Q⊗Z R̄ decomposes as Q⊗Z R̄ = V1⊕V−1, where

V1, V−1 are the ±1 eigenspaces of g respectively. Set R̄1 := R̄ ∩ V1 and

R̄−1 := R̄ ∩ V−1. Introduce

vi := yi + xyix−1, wi := yi − xyix−1 (i = 1, . . . , n− 1).

Then x2, v1, . . . , vn−1 is a Z-basis of R̄1 and w1, . . . , wn−1 is a Z-basis of

R̄−1. Since Γ(C2, π) leaves R̄1 and R̄−1 invariant, we obtain, with the

above Z-basis chosen, representations

σ1 : Γ+(C2, π)→ GL(n,Z), σ−1 : Γ+(C2, π)→ GL(n− 1,Z).

The representation σ1 is equivalent to ρ1 restricted to Γ+(C2, π). A proof

for the case n = 2 is in [2], but the general case is analogous.

In contrast the map σ−1 somewhat less expected. The goal of this

chapter is to understand the map σ−1. We especially want to study the

kernel of σ−1, which we call a generalized Torelli group.

We adopt from [5] the following proposition, which presents us a set

of generators for Γ+(C2, π). To give the generators of Γ+(C2, π) is an

important feature, which is not possible for an arbitrary group G.
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Proposition 4.2. Let n ≥ 2 be a natural number. The group Γ+(C2, π)

is generated by the automorphisms

• δi, εi, ϕ2
i , ψ

2
i , konix, konxi (1 ≤ i ≤ n− 1),

• λij, νij, κij, τij, konij (1 ≤ i, j ≤ n− 1, i 6= j),

• κijk (1 ≤ i, j, k ≤ n− 1, i, j, k pairwise distinct).

Lemma 4.3. Let n ≥ 2. The group IA(Fn) is contained in Γ+(C2, π).

Proof. This is clear by Theorem 3.2 and the generators of Γ+(C2, π) given

in Proposition 4.2.

If we take a close look on the set of generators for Γ+(C2, π) given in

Proposition 4.2, we see that there are some redundant generators, i.e. we

can express some generators in terms of others, which yields the following

set of generators.

Corollary 4.4. Generators for Γ+(C2, π) are

• for n = 2 the automorphisms ε1, ψ
2
1 and kon1x,

• for n ≥ 3 the automorphisms εi, ψ
2
i , konix (i = 1, . . . , n − 1) and

νij (i, j = 1, . . . , n− 1, i 6= j).

Proof. We are going to prove the following relations:

For n ≥ 2 and 1 ≤ i ≤ n− 1:

δi = kon−1
ix ◦εi ◦ konix

konxi = δi ◦ ε−1
i ,

ϕ2
i = kon2

ix ◦ψ2
i .

For n ≥ 3 and 1 ≤ i, j ≤ 2, i 6= j:

konij = [kon−1
ix , δj],

λij = konij ◦νij,
τij = kon−1

ix ◦νij ◦ konix ◦ν−1
ij ,

κij = εi ◦ εj ◦ ε−1
i ◦ ε−1

j .
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For n ≥ 4 and 1 ≤ i, j, k ≤ n− 1, i, j, k pairwise distinct:

κijk = νij ◦ νik ◦ ν−1
ij ◦ ν−1

ik .

Let us now prove these formulas in detail:

• δi = kon−1
ix ◦εi ◦ konix: x

konix7→ x
εi7→ xyi

kon−1
ix7→ yix

yi
konix7→ xyix

−1 εi7→ xyix
−1

kon−1
ix7→ yi

 ,

• konxi = δi ◦ ε−1
i :

{
x

ε−1
i7→ xy−1

i

δi7→ yixy
−1
i

}
,

• ϕ2
i = kon2

ix ◦ψ2
i :{

yi
ψ2

i7→ yix
2 kon2

ix7→ x2yi

}
,

• konij = kon−1
ix ◦δj ◦ konix ◦δ−1

j :

 x
δ−1
j7→ y−1

j x
konix7→ y−1

j x
δj7→ x

yi
δ−1
j7→ yi

konix7→ xyix
−1 δj7→ yjxyix

−1y−1
j

kon−1
ix7→ x

kon−1
ix7→ yjyiy

−1
j

 ,

• λij = konij ◦νij:

{
yi

νij7→ yiyj
konij7→ yjyi

}
,
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• τij = kon−1
ix ◦νij ◦ konix ◦ν−1

ij :

{
yi

ν−1
ij7→ yiy

−1
j

konix7→ xyix
−1y−1

j

νij7→ xyiyjx
−1y−1

j

kon−1
ix7→ yixyjx

−1y−1
j

}
,

• κij = εi ◦ εj ◦ ε−1
i ◦ ε−1

j :

{
x

ε−1
j7→ xy−1

j

ε−1
i7→ xy−1

i y−1
j

εj7→ xyjy
−1
i y−1

j

εi7→ xyiyjy
−1
i y−1

j

}
,

• κijk = νij ◦ νik ◦ ν−1
ij ◦ ν−1

ik :

{
yi

ν−1
ik7→ yiy

−1
k

ν−1
ij7→ yiy

−1
j y−1

k

νik7→ yiyky
−1
j y−1

k

νij7→ yiyjyky
−1
j y−1

k

}
.

Now that we have found this improved generator set of Γ+(C2, π), let

us consider the images of these generators under σ−1.

Proposition 4.5. We have

σ−1(εi) = In−1, σ−1(νij) = Eji (i 6= j),

σ−1(ψ
2
i ) = In−1, σ−1(konix) = Oi

for 1 ≤ i, j ≤ n− 1. In particular σ−1 is surjective onto GL(n− 1,Z).

Proof. We consider the images of σ−1 with respect to the Z-basis w1, . . . , wn−1

of R−1. We have

• σ−1(εi) = In−1:

σ−1(εi)(wk) = εi(yk)− εi(xykx−1) = yk − xyiyky−1
i x−1

= yk −
(
xyix−1 + xykx−1 − xyix−1

)
= yk − xykx−1 = wk for all k.
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• σ−1(νij) = Eji:

σ−1(νij)(wk) = νij(yk)− νij(xykx−1) = yk − xykx−1

= wk for all k 6= i,

σ−1(νij)(wi) = νij(yi)− νij(xyix−1) = yiyj − xyiyjx−1

= yi + yj −
(
xyix−1 + xyjx−1

)
= wi + wj.

• σ−1(ψ
2
i ) = In−1:

σ−1(ψ
2
i )(wk) = ψ2

i (yk)− ψ2
i (xykx

−1) = yk − xykx−1

= wk for all k 6= i,

σ−1(ψ
2
i )(wi) = ψ2

i (yi)− ψ2
i (xyix

−1) = yix2 − xyix

= yi + x2 −
(
xyix−1 + x2

)
= wi.

• σ−1(konix) = Oi:

σ−1(konix)(wj) = konix(yk)− konix(xykx−1) = yk − xykx−1

= wk for all k 6= i,

σ−1(konix)(wi) = konix(yi)− konix(xyix−1) = xyix−1 − x2yix−2

= xyix−1 −
(
x2 + yi − x2

)
= −wi.

The surjectivity of σ−1 follows directly from Proposition 1.5.

4.3 The kernel of σ−1

The kernel of σ−1 can be considered as a generalization of IA(Fn). Hence

we call ker(σ−1) a generalized Torelli group. By Proposition 4.5 we obtain

the following exact sequence

1→ ker(σ−1)→ Γ+(C2, π)
σ−1→ GL(n− 1,Z)→ 1.

By this sequence we see that the index of ker(σ−1) in Γ+(C2, π) is infinite

for n ≥ 3. For n = 2, the index of ker(σ−1) in Γ+(C2, π) is two and
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it follows by Proposition 1.6 that, in this case, ker(σ−1) is a finitely

generated group. But there is no obvious reason why ker(σ−1) should be

a finitely generated group for n ≥ 3. However the result of Nielsen and

Magnus, which says that IA(Fn) is finitely generated as a group (Theorem

3.2), makes the finite generation of ker(σ−1) more likely. Indeed we are

going to prove that ker(σ−1) is finitely generated as a group for all n ≥ 2

(see Theorem 4.14).

Definition 4.6. Let n ≥ 2. Define Kn ≤ Γ+(C2, π) to be the subgroup

generated by the following automorphisms

εi : {x 7→ xyi}, δi : {x 7→ yix},
ψ2
i : {yi 7→ yix

2}.

for i = 1, . . . , n− 1. �

Notice that Kn is a finitely generated group by definition. The next

goal will be to prove that the group Kn is the kernel of σ−1 for all n ≥ 2.

To prove this we will apply Proposition 1.9. We know by Corollary 4.4

the generators of Γ+(C2, π) and by Proposition 4.5 the images of these

generators under σ−1, namely

σ−1(εi) = In−1, σ−1(νij) = Eji,

σ−1(ψ
2
i ) = In−1, σ−1(konix) = Oi.

A presentation of GL(n − 1,Z) in terms of these generators is given in

Proposition 1.5. So our strategy is the following:

• Show that the group Kn is a normal subgroup in Γ+(C2, π) (see

Lemma 4.12).

• Let R(Eij, Ok) be the set relations of GL(n − 1,Z) as given in

Proposition 1.5. Then show that R(νji, konkx) ∈ Kn (see Lemma

4.13).

• Show that Kn ≤ ker(σ−1) (see Lemma 4.7).

Then we can apply Proposition 1.9 and conclude that Kn = ker(σ−1).
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Lemma 4.7. We have

Kn ≤ ker(σ−1).

Proof. We have by Proposition 4.5

σ−1(εi) = In−1 and σ−1(ψ
2
i ) = In−1.

Hence it suffices to show that σ−1(δi) = In−1:

σ−1(δi)
Cor. 4.4

= σ−1(kon−1
ix ◦εi ◦ konix)

= σ−1(konix)
−1 · σ−1(εi) · σ−1(konix) = In−1.

The proofs of the Lemmas 4.12 and 4.13 become easier, if we introduce

some more elements in Kn. This will be done in Definition 4.8 and

Definition 4.10.

Definition 4.8. Let n ≥ 2. Define αi and βi for 1 ≤ i ≤ n− 1 to be the

following elements of Aut(Fn)

αi :

{
x 7→ x−1

yi 7→ xy−1
i x−1

}
, βi :

{
x 7→ x−1

yi 7→ x−1y−1
i x

}
.

�

Proposition 4.9. Let n ≥ 2. Then the automorphisms αi and βi (i =

1, . . . , n − 1) are in Kn and satisfy α2
i = id and β2

i = id. In particular,

Kn is not torsion-free.

Proof. We have

αi = ψ−2
i ◦ εi ◦ ψ−2

i ◦ δi,
βi = ψ2

i ◦ δ−1
i ◦ ψ2

i ◦ ε−1
i .

We prove these formulas now in detail:

• αi = ψ−2
i ◦ εi ◦ ψ−2

i ◦ δi: x
δi7→ yix

ψ−2
i7→ yix

−1 εi7→ x−1
ψ−2

i7→ x−1

yi
δi7→ yi

ψ−2
i7→ yix

−2 εi7→ x−1y−1
i x−1

ψ−2
i7→ xy−1

i x−1

,
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• βi = ψ2
i ◦ δ−1

i ◦ ψ2
i ◦ ε−1

i : x
ε−1
i7→ xy−1

i

ψ2
i7→ x−1y−1

i

δ−1
i7→ x−1 ψ2

i7→ x−1

yi
ε−1
i7→ yi

ψ2
i7→ yix

2
δ−1
i7→ xy−1

i x
ψ2

i7→ x−1y−1
i x

 .

Finally we show that α2
i = id and β2

i = id:{
x

αi7→ x−1 αi7→ x

yi
αi7→ xy−1

i x−1 αi7→ x−1(xy−1
i x−1)−1x = yi

}
,

{
x

βi7→ x−1 βi7→ x

yi
βi7→ x−1y−1

i x
βi7→ x(x−1y−1

i x)−1x−1 = yi

}
.

Definition 4.10. Let us define some more elements in Aut(Fn) for n ≥ 3.

ζaij : {yi 7→ yiyjxyjx
−1}, ζbij : {yi 7→ x−1yjxyjyi},

ζcij : {yi 7→ yiyjx
−1yjx}, ζdij : {yi 7→ xyjx

−1yjyi},

kon−ijx :

{
yi 7→ xy−1

i x−1

yj 7→ xy−1
j x−1

}
.

�

Lemma 4.11. The following automorphisms are in Kn

• for n ≥ 2 and 1 ≤ i ≤ n− 1:

konxi : {x 7→ yixy
−1
i }, ϕ2

i : {yi 7→ x2yi},
kon2

ix : {yi 7→ x2yix
−2},

• for n ≥ 3 and 1 ≤ i, j ≤ n− 1, i 6= j:

κjk : {x 7→ xyjyky
−1
j y−1

k }, konij : {yi 7→ yjyiy
−1
j },

ζaij : {yi 7→ yiyjxyjx
−1}, ζbij : {yi 7→ x−1yjxyjyi},

ζcij : {yi 7→ yiyjx
−1yjx}, ζdij : {yi 7→ xyjx

−1yjyi},

kon−ijx :

{
yi 7→ xy−1

i x−1

yj 7→ xy−1
j x−1

}
,
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• for n ≥ 4 and 1 ≤ i, j, k ≤ n− 1, i, j, k pairwise distinct:

κijk : {yi 7→ yiyjyky
−1
j y−1

k }.

Proof. The following relations, which we are going to prove below, hold

in Kn.

For n ≥ 2 and 1 ≤ i ≤ n− 1:

konxi = δi ◦ ε−1
i ,

kon2
ix = αi ◦ βi,
ϕ2
i = kon2

ix ◦ψ2
i .

For n ≥ 3 and 1 ≤ i, j ≤ n− 1, i 6= j:

kon−ijx = αi ◦ βj,
κij = εi ◦ εj ◦ ε−1

i ◦ ε−1
j ,

konij = βi ◦ ε−1
j ◦ βi ◦ δ−1

j ,

ζcij = ε−1
j ◦ ψ−2

i ◦ εj ◦ ψ2
i ,

ζaij = kon−1
ij ◦ψ2

i ◦ konij ◦ζcij ◦ ψ−2
i ,

ζbij = αi ◦ (ζcij)
−1 ◦ αi,

ζdij = βi ◦ (ζaij)
−1 ◦ βi.

For n ≥ 4 and 1 ≤ i, j, k ≤ n− 1 and i, j, k pairwise distinct:

κijk = konxj ◦εj ◦ (kon−ijx)
−1 ◦ εj ◦ kon−ijx ◦ kon−1

ik ◦ζdik ◦ (kon−ijx)
−1 ◦

ε−1
j ◦ kon−ijx ◦(ζdik)−1 ◦ konik ◦ε−1

j ◦ kon−1
xj .

We prove now all these formulas in detail:

• konxi = δi ◦ ε−1
i :

See proof of Corollary 4.4,

• kon2
ix = αi ◦ βi:{
x

βi7→ x−1 αi7→ x

yi
βi7→ x−1y−1

i x
αi7→ x(xy−1

i x−1)−1x−1 = x2yix
−2

}
,
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• ϕ2
i = kon2

ix ◦ψ2
i :

See proof of Corollary 4.4,

• kon−ijx = αi ◦ βj:
x

βj7→ x−1 αi7→ x

yi
βj7→ yi

αi7→ xy−1
i x−1

yj
βj7→ x−1y−1

j x
αi7→ xy−1

j x−1

 ,

• κij = εi ◦ εj ◦ ε−1
i ◦ ε−1

j :

See proof of Corollary 4.4,

• konij = βi ◦ ε−1
j ◦ βi ◦ δ−1

j : x
δ−1
j7→ y−1

j x
βi7→ y−1

j x−1
ε−1
j7→ x−1 βi7→ x

yi
δ−1
j7→ yi

βi7→ x−1y−1
i x

ε−1
j7→ yjx

−1y−1
i xy−1

j

βi7→ yjyiy
−1
j

 ,

• ζcij = ε−1
j ◦ ψ−2

i ◦ εj ◦ ψ2
i : x

ψ2
i7→ x

εj7→ xyj
ψ−2

i7→ xyj
ε−1
j7→ x

yi
ψ2

i7→ yix
2 εj7→ yixyjxyj

ψ−2
i7→ yix

−1yjxyj
ε−1
j7→ yiyjx

−1yjx

 ,

• ζaij = kon−1
ij ◦ψ2

i ◦ konij ◦ζcij ◦ ψ−2
i :{

yi
ψ−2

i7→ yix
−2

ζc
ij7→ yiyjx

−1yjx
−1 konij7→ yjyix

−1yjx
−1

ψ2
i7→ yjyixyjx

−1
kon−1

ij7→ yiyjxyjx
−1

}
,

• ζbij = αi ◦ (ζcij)
−1 ◦ αi: x

αi7→ x−1
(ζc

ij)
−1

7→ x−1 αi7→ x

yi
αi7→ xy−1

i x−1
(ζc

ij)
−1

7→ xyjx
−1yjxy

−1
i x−1 αi7→ x−1yjxyjyi

 ,
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• ζdij = βi ◦ (ζaij)
−1 ◦ βi: x

βi7→ x−1
(ζa

ij)
−1

7→ x−1 βi7→ x

yi
βi7→ x−1y−1

i x
(ζa

ij)
−1

7→ x−1yjxyjx
−1y−1

i x
βi7→ xyjx

−1yjyi

 ,

• κijk = kon−1
ij ◦ kon−1

ik ◦ζdik◦(kon−ijx)
−1◦ε−1

j ◦kon−ijx ◦(ζdik)−1◦konik ◦δ−1
j :

x
δ−1
j7→ y−1

j x
konik7→ y−1

j x
(ζd

ik)−1

7→ y−1
j x

yi
δ−1
j7→ yi

konik7→ ykyiy
−1
k

(ζd
ik)−1

7→ xy−1
k x−1yiy

−1
k

yj
δ−1
j7→ yj

konik7→ yj
(ζd

ik)−1

7→ yj

kon−ijx7→ xyj
ε−1
j7→ x

kon−ijx7→ xy−1
k y−1

i x−1y−1
k

ε−1
j7→ xy−1

j y−1
k y−1

i yjx
−1y−1

k

kon−ijx7→ xy−1
j x−1

ε−1
j7→ xy−1

j x−1

(kon−ijx)−1

7→ x
ζd
ik7→ x

(kon−ijx)−1

7→ yjxy
−1
k x−1yiy

−1
j y−1

k

ζd
ik7→ yjykyiy

−1
j y−1

k

(kon−ijx)−1

7→ yj
ζd
ik7→ yj

kon−1
ik7→ x

kon−1
ij7→ x

kon−1
ik7→ yjyiyky

−1
j y−1

k

kon−1
ij7→ yiyjyky

−1
j y−1

k

kon−1
ik7→ yj

kon−1
ij7→ yj

 .

Lemma 4.12. The group Kn is a normal subgroup in Γ+(C2, π).

Proof. By Lemma 1.10 it suffices to conjugate the generators of Kn with

the generators of Γ+(C2, π) and their inverses. The generators of Kn are

by definition εi, δi and ψ2
i (1 ≤ i ≤ n−1) and the generators of Γ+(C2, π)

are, by Corollary 4.4, the automorphisms εi, ψ
2
i , konix (1 ≤ i ≤ n − 1)

and νij (1 ≤ i, j ≤ n − 1, i 6= j). Since εi and ψ2
i are automorphisms in
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Kn as well as in Γ+(C2, π), it suffices to conjugate with νij, ν
−1
ij , konix

and kon−1
ix .

In order to reduce the formulas in the proof, let us note here:

• We do not need to conjugate with kon−1
ix . To see this, suppose that

konix ◦α ◦ kon−1
ix ∈ Kn for some α ∈ Kn. Since kon2

ix ∈ Kn for

n ≥ 2, by Lemma 4.11, it follows that

kon−1
ix ◦α ◦ konix = kon−2

ix︸ ︷︷ ︸
∈Kn

◦( konix ◦α ◦ kon−1
ix︸ ︷︷ ︸

∈Kn

) ◦ kon2
ix︸ ︷︷ ︸

∈Kn

is also in Kn.

• Notice that the automorphisms εi, δi and ψ2
i commute with νjk if

j 6= i and k 6= i. Hence we do not need to conjugate εi, δi and ψ2
i

with νjk if j 6= i and k 6= i.

First we list the results and prove the formulas below.

1.) νij ◦ εi ◦ ν−1
ij = εi ◦ εj ∈ Kn,

νji ◦ εi ◦ ν−1
ji = εi ∈ Kn,

ν−1
ij ◦ εi ◦ νij = εi ◦ ε−1

j ∈ Kn,

ν−1
ji ◦ εi ◦ νji = εi ∈ Kn,

konix ◦εi ◦ kon−1
ix = kon2

ix ◦δi ◦ kon−2
ix ∈ Kn,

konjx ◦εi ◦ kon−1
jx = εi ◦ kon−1

ji ∈ Kn,

2.) νij ◦ δi ◦ ν−1
ij = δj ◦ δi ∈ Kn,

νji ◦ δi ◦ ν−1
ji = δi ∈ Kn,

ν−1
ij ◦ δi ◦ νij = δ−1

j ◦ δi ∈ Kn,

ν−1
ji ◦ δi ◦ νji = δi ∈ Kn,

konix ◦δi ◦ kon−1
ix = εi ∈ Kn,

konjx ◦δi ◦ kon−1
jx = δi ◦ αj ◦ kon−1

ji ◦αj ∈ Kn,

3.) νij ◦ ψ2
i ◦ ν−1

ij = kon−1
ij ◦ψ2

i ◦ konij ∈ Kn,

νji ◦ ψ2
i ◦ ν−1

ji = ψ2
i ◦ kon−1

ji ◦ψ−2
j ◦ konji ∈ Kn,

ν−1
ij ◦ ψ2

i ◦ νij = konij ◦ψ2
i ◦ kon−1

ij ∈ Kn,

ν−1
ji ◦ ψ2

i ◦ νji = ψ2
j ◦ ψ2

i ∈ Kn,

konix ◦ψ2
i ◦ kon−1

ix = ψ2
i ∈ Kn,

konjx ◦ψ2
i ◦ kon−1

jx = ψ2
i ∈ Kn.
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We check these formulas now in detail:

• νij ◦ εi ◦ ν−1
ij = εi ◦ εj: x

ν−1
ij7→ x

εi7→ xyi
νij7→ xyiyj

yi
ν−1

ij7→ yiy
−1
j

εi7→ yiy
−1
j

νij7→ yi

 ,

• νji ◦ εi ◦ ν−1
ji = εi: x

ν−1
ji7→ x

εi7→ xyi
νji7→ xyi

yj
ν−1

ji7→ yjy
−1
i

εi7→ yjy
−1
i

νji7→ yj

 ,

• ν−1
ij ◦ εi ◦ νij = εi ◦ ε−1

j : x
νij7→ x

εi7→ xyi
ν−1

ij7→ xyiy
−1
j

yi
νij7→ yiyj

εi7→ yiyj
ν−1

ij7→ yi

 ,

• ν−1
ji ◦ εi ◦ νji = εi: x

νji7→ x
εi7→ xyi

ν−1
ji7→ xyi

yj
νji7→ yjyi

εi7→ yjyi
ν−1

ji7→ yj

 ,

• konix ◦εi ◦ kon−1
ix = kon2

ix ◦δi ◦ kon−2
ix : x

kon−1
ix7→ x

εi7→ xyi
konix7→ x2yix

−1

yi
kon−1

ix7→ x−1yix
εi7→ y−1

i x−1yixyi
konix7→ xy−1

i x−1yixyix
−1



=

 x
kon−2

ix7→ x
δi7→ yix

yi
kon−2

ix7→ x−2yix
2 δi7→ x−1y−1

i x−1yixyix

kon2
ix7→ x2yix

−1

kon2
ix7→ xy−1

i x−1yixyix
−1

 ,
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• konjx ◦εi ◦ kon−1
jx = εi ◦ kon−1

ji : x
kon−1

jx7→ x
εi7→ xyi

konjx7→ xyi

yj
kon−1

jx7→ x−1yjx
εi7→ y−1

i x−1yjxyi
konjx7→ y−1

i yjyi



=

 x
kon−1

ji7→ x
εi7→ xyi

yj
kon−1

ji7→ y−1
i yjyi

εi7→ y−1
i yjyi

 ,

• νij ◦ δi ◦ ν−1
ij = δj ◦ δi: x

ν−1
ij7→ x

δi7→ yix
νij7→ yiyjx

yi
ν−1

ij7→ yiy
−1
j

δi7→ yiy
−1
j

νij7→ yi

 ,

• νji ◦ δi ◦ ν−1
ji = δi: x

ν−1
ji7→ x

δi7→ yix
νji7→ yix

yj
ν−1

ji7→ yjy
−1
i

δi7→ yjy
−1
i

νji7→ yj

 ,

• ν−1
ij ◦ δi ◦ νij = δ−1

j ◦ δi: x
νij7→ x

δi7→ yix
ν−1

ij7→ yiy
−1
j x

yi
νij7→ yiyj

δi7→ yiyj
ν−1

ij7→ yi

 ,

• ν−1
ji ◦ δi ◦ νji = δi: x

νji7→ x
δi7→ yix

ν−1
ji7→ yix

yj
νji7→ yjyi

δi7→ yjyi
ν−1

ji7→ yj

 ,

• konix ◦δi ◦ kon−1
ix = εi: x

kon−1
ix7→ x

δi7→ yix
konix7→ xyi

yi
kon−1

ix7→ x−1yix
δi7→ x−1yix

konix7→ yi

 ,
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• konjx ◦δi ◦ kon−1
jx = δi ◦ αj ◦ kon−1

ji ◦αj: x
kon−1

jx7→ x
δi7→ yix

konjx7→ yix

yj
kon−1

jx7→ x−1yjx
δi7→ x−1y−1

i yjyix
konjx7→ x−1y−1

i xyjx
−1yix



=

 x
αj7→ x−1

kon−1
ji7→ x−1

yj
αj7→ xy−1

j x−1
kon−1

ji7→ xy−1
i y−1

j yix
−1

αj7→ x
δi7→ yix

αj7→ x−1y−1
i xyjx

−1yix
δi7→ x−1y−1

i xyjx
−1yix

}
,

• νij ◦ ψ2
i ◦ ν−1

ij = kon−1
ij ◦ψ2

i ◦ konij:{
yi

ν−1
ij7→ yiy

−1
j

ψ2
i7→ yix

2y−1
j

νij7→ yiyjx
2y−1
j

}
=

{
yi

konij7→ yjyiy
−1
j

ψ2
i7→ yjyix

2y−1
j

kon−1
ij7→ yiyjx

2y−1
j

}
,

• νji ◦ ψ2
i ◦ ν−1

ji = ψ2
i ◦ kon−1

ji ◦ψ−2
j ◦ konji: yi

ν−1
ji7→ yi

ψ2
i7→ yix

2 νji7→ yix
2

yj
ν−1

ji7→ yjy
−1
i

ψ2
i7→ yjx

−2y−1
i

νji7→ yjyix
−2y−1

i

 =

 yi
konji7→ yi

ψ−2
j7→ yi

kon−1
ji7→ yi

yj
konji7→ yiyjy

−1
i

ψ−2
j7→ yiyjx

−2y−1
i

kon−1
ji7→ yjyix

−2y−1
i

ψ2
i7→ yix

2

ψ2
i7→ yjyix

−2y−1
i

 ,

• ν−1
ij ◦ ψ2

i ◦ νij = konij ◦ψ2
i ◦ kon−1

ij :{
yi

νij7→ yiyj
ψ2

i7→ yix
2yj

ν−1
ij7→ yiy

−1
j x2yj

}
=

{
yi

kon−1
ij7→ y−1

j yiyj
ψ2

i7→ y−1
j yix

2yj
konij7→ yiy

−1
j x2yj

}
,
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• ν−1
ji ◦ ψ2

i ◦ νji = ψ2
j ◦ ψ2

i : yi
νji7→ yi

ψ2
i7→ yix

2
ν−1

ji7→ yix
2

yj
νji7→ yjyi

ψ2
i7→ yjyix

2
ν−1

ji7→ yjx
2

 ,

• konix ◦ψ2
i ◦ kon−1

ix = ψ2
i :{

yi
kon−1

ix7→ x−1yix
ψ2

i7→ x−1yix
3 konix7→ yix

2

}
,

• konjx ◦ψ2
i ◦ kon−1

jx = ψ2
i : yi

kon−1
jx7→ yi

ψ2
i7→ yix

2 konjx7→ yix
2

yj
kon−1

jx7→ x−1yjx
ψ2

i7→ x−1yjx
konjx7→ yj

.

Lemma 4.13. Let n ≥ 2 and let GL(n− 1,Z) be presented as in Propo-

sition 1.5 and let R(Eij, Ok) be the corresponding set of relations. Then

R(νji, konkx) ∈ Kn.

Proof. Let us begin with the case n = 2. But there is only one relation

in the group GL(1,Z), namely O2
1 = 1. Thus we just have to show that

kon2
1x ∈ K2. But this is clear by Lemma 4.11.

Let us now consider the case n = 3. According to Proposition 1.5

the group GL(2,Z) is generated by E12, E21, O1 and O2 subject to the

following relations

1.) E12E
−1
21 E12E21E

−1
12 E21 = 1,

2.) (E12E
−1
21 E12)

4 = 1,

3.) (O1E12)
2 = 1,

4.) (O1E21)
2 = 1,

5.) O2
1 = 1,

6.) E−1
12 E

2
21O1E12E

−2
21 O

−1
2 = 1.

Hence we have to show

1.) ν21 ◦ ν−1
12 ◦ ν21 ◦ ν12 ◦ ν−1

21 ◦ ν12 ∈ K3,

2.) (ν21 ◦ ν−1
12 ◦ ν21)

4 ∈ K3,
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3.) (kon1x ◦ν21)
2 ∈ K3,

4.) (kon1x ◦ν12)
2 ∈ K3,

5.) kon2
1x ∈ K3,

6.) ν−1
21 ◦ ν2

12 ◦ kon1x ◦ν21 ◦ ν−2
12 ◦ kon−1

2x ∈ K3.

1.) ν21 ◦ ν−1
12 ◦ ν21 ◦ ν12 ◦ ν−1

21 ◦ ν12 = id ∈ K3: y1
ν127→ y1y2

ν−1
217→ y1y2y

−1
1

ν127→ y1y2y
−1
1

ν217→ y1y2

y2
ν127→ y2

ν−1
217→ y2y

−1
1

ν127→ y−1
1

ν217→ y−1
1

ν−1
127→ y1

ν217→ y1

ν−1
127→ y2y

−1
1

ν217→ y2

 .

2.) (ν21 ◦ ν−1
12 ◦ ν21)

4 = kon12 ◦ kon21 ◦ kon−1
12 ◦ kon−1

21 ∈ K3:

In order to compute (ν21◦ν−1
12 ◦ν21)

4 first we define χ := ν21◦ν−1
12 ◦ν21.

Then we have:

χ =

 y1
ν217→ y1

ν−1
127→ y1y

−1
2

ν217→ y−1
2

y2
ν217→ y2y1

ν−1
127→ y2y1y

−1
2

ν217→ y2y1y
−1
2

 ,

χ2 =

{
y1

χ7→ y−1
2

χ7→ y2y
−1
1 y−1

2

y2
χ7→ y2y1y

−1
2

χ7→ y2y1y
−1
2 y−1

1 y−1
2

}
,

χ4 =

 y1
χ2

7→ y2y
−1
1 y−1

2

χ2

7→ y2y1y
−1
2 y1y2y

−1
1 y−1

2

y2
χ2

7→ y2y1y
−1
2 y−1

1 y−1
2

χ2

7→ y2y1y
−1
2 y−1

1 y2y1y2y
−1
1 y−1

2

 .

In the last step we show that χ4 = kon12 ◦ kon21 ◦ kon−1
12 ◦ kon−1

21 :

 y1

kon−1
217→ y1

kon−1
127→ y−1

2 y1y2
kon217→

y2

kon−1
217→ y−1

1 y2y1

kon−1
127→ y−1

2 y−1
1 y2y1y2

kon217→
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y1y
−1
2 y1y2y

−1
1

kon127→ y2y1y
−1
2 y1y2y

−1
1 y−1

2

y1y
−1
2 y−1

1 y2y1y2y
−1
1

kon127→ y2y1y
−1
2 y−1

1 y2y1y2y
−1
1 y−1

2

}
.

3.) kon1x ◦ν21 ◦ kon1x ◦ν21 ∈ K3:

In order to show this let us be a little bit more general. For this

let n ≥ 3. We are going to show now

kon1x ◦νj1 ◦ kon1x ◦νj1 = kon2
1x ◦ konj1 ◦ζcj1 ◦ kon−1

j1 ∈ Kn

for 2 ≤ j ≤ n− 1:

{
y1

νj17→ y1
kon1x7→ xy1x

−1 νj17→ xy1x
−1

yj
νj17→ yjy1

kon1x7→ yjxy1x
−1 νj17→ yjy1xy1x

−1

kon1x7→ x2y1x
−2

kon1x7→ yjxy1xy1x
−2

}

=

 y1

kon−1
j17→ y1

ζc
j17→ y1

konj17→ y1

yj
kon−1

j17→ y−1
1 yjy1

ζc
j17→ y−1

1 yjy1x
−1y1xy1

konj17→ yjx
−1y1xy1

kon2
1x7→ x2y1x

−2

kon2
1x7→ yjxy1xy1x

−2

 .

4.) kon1x ◦ν12 ◦ kon1x ◦ν12 ∈ K3:

Let us be more general again. We show for n ≥ 3 that

kon1x ◦ν1i ◦ kon1x ◦ν1i = kon2
1x ◦ kon1i ◦ζa1i ◦ kon−1

1i ∈ Kn

for 2 ≤ i ≤ n− 1:

{
y1

ν1i7→ y1yi
kon1x7→ xy1x

−1yi
ν1i7→ xy1yix

−1yi

kon1x7→ x2y1x
−1yix

−1yi

}

48



Chapter 4. Generalized Torelli Groups

=
{
y1

kon−1
1i7→ y−1

i y1yi
ζa
1i7→ y−1

i y1yixyix
−1yi

kon1i7→ y1xyix
−1yi

kon2
1x7→ x2y1x

−1yix
−1yi

}
.

5.) kon2
1x ∈ K3: This is clear by the case n = 2.

6.) ν−1
21 ◦ ν2

12 ◦ kon1x ◦ν21 ◦ ν−2
12 ◦ kon−1

2x ∈ K3:

Let us here be more general again. We want to show that

ν−1
j1 ◦ ν2

1j ◦ kon1x ◦νj1 ◦ ν−2
1j ◦ kon−1

jx ∈ Kn

for n ≥ 3 and 2 ≤ j ≤ n − 1. Checking this formula is the most

complicated part of the complete proof. For this we mention first

that the following equation holds

kon−1
1x ◦ν−2

1j ◦ νj1 ◦ konjx ◦ν2
1j ◦ ν−1

j1

= β1 ◦ kon2
1j ◦β1 ◦ kon−2

1x ◦ε1 ◦ ψ−2
1 ◦ δ−1

j ◦ ϕ2
1 ◦ kon−1

1j ◦δ1 ◦ konj1 ◦
ϕ−2
j ◦ kon−1

j1 ◦ζbj1 ◦ ψ2
j ◦ kon−1jx ◦(ζa1j)−1 ◦ δj ∈ Kn

for 2 ≤ j ≤ n− 1. For the proof see the next two pages:
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So we proved that

kon−1
1x ◦ν−2

1j ◦ νj1 ◦ konjx ◦ν2
1j ◦ ν−1

j1 ∈ Kn. (4.1)

But we have to show that

ν−1
j1 ◦ ν2

1j ◦ kon1x ◦νj1 ◦ ν−2
1j ◦ kon−1

jx ∈ Kn.

The inverse of (4.1)

Y := νj1 ◦ ν−2
1j ◦ kon−1

jx ◦ν−1
j1 ◦ ν2

1j ◦ kon1x

is also in Kn. Since Kn is a normal subgroup in Γ+(C2, π) we have

X := konjx ◦(ν2
1j ◦ (ν−1

j1 ◦ Y ◦ νj1) ◦ ν−2
1j ) ◦ kon−1

jx ∈ Kn.

But now we see that X = ν−1
j1 ◦ ν2

1j ◦ kon1x ◦νj1 ◦ ν−2
1j ◦ kon−1

jx ∈ Kn.

This is what we wanted to show.

Finally we consider the case n ≥ 4. According to Proposition 1.5 the

group GL(n− 1,Z) is generated by Eij and Oi (1 ≤ i, j ≤ n− 1, i 6= j)

subject to the following relations

1.) [Eij, Ekl] = 1 if j 6= k, i 6= l,

2.) [Eij, Ejk]E
−1
ik = 1 if i 6= j 6= k 6= i,

3.) (E12E
−1
21 E12)

4 = 1,

4.) (O1E1j)
2 = 1 if j 6= 1,

5.) (O1Ei1)
2 = 1 if i 6= 1,

6.) O1EijO1E
−1
ij = 1 if i, j 6= 1,

7.) O2
1 = 1,

8.) E−1
1j E

2
j1O1E1jE

−2
j1 O

−1
j = 1 if j 6= 1.

This means we have to show

1.) [νji, νlk] ∈ Kn if j 6= k, i 6= l,

2.) [νji, νkj] ◦ ν−1
ki ∈ Kn if i 6= j 6= k 6= i,

3.) (ν21 ◦ ν−1
12 ◦ ν21)

4 ∈ Kn,

4.) (kon1x ◦νj1)2 ∈ Kn if j 6= 1,

5.) (kon1x ◦ν1i)
2 ∈ Kn if i 6= 1,

6.) kon1x ◦νji ◦ kon1x ◦ν−1
ji ∈ Kn if i, j 6= 1,

7.) kon2
1x ∈ Kn,

8.) ν−1
j1 ◦ ν2

1j ◦ kon1x ◦νj1 ◦ ν−2
1j ◦ kon−1

jx ∈ Kn if j 6= 1.
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In the case n = 3 we have proved already 3.), 4.), 5.), 7.) and 8.). So

there are only 1.), 2.) and 6.) left to show:

1.) νji ◦ νlk ◦ ν−1
ji ◦ ν−1

lk for j 6= k, i 6= l:

• νji ◦ νlk ◦ ν−1
ji ◦ ν−1

lk = id ∈ Kn for j 6= l, i 6= k: yl
ν−1

lk7→ yly
−1
k

ν−1
ji7→ yly

−1
k

νlk7→ yl
νji7→ yl

yj
ν−1

lk7→ yj
ν−1

ji7→ yjy
−1
i

νlk7→ yjy
−1
i

νji7→ yj

 ,

• νji ◦ νli ◦ ν−1
ji ◦ ν−1

li = id ∈ Kn for j 6= l, i = k: yl
ν−1

li7→ yly
−1
i

ν−1
ji7→ yly

−1
i

νli7→ yl
νji7→ yl

yj
ν−1

li7→ yj
ν−1

ji7→ yjy
−1
i

νli7→ yjy
−1
i

νji7→ yj

 ,

• νji ◦ νjk ◦ ν−1
ji ◦ ν−1

jk = κjik ∈ Kn for j = l, i 6= k:{
yj

ν−1
jk7→ yjy

−1
k

ν−1
ji7→ yjy

−1
i y−1

k

νjk7→ yjyky
−1
i y−1

k

νji7→ yjyiyky
−1
i y−1

k

}
,

• νji ◦ νji ◦ ν−1
ji ◦ ν−1

ji = id ∈ Kn for j = l, i = k:

This is clear!

2.) νji ◦ νkj ◦ ν−1
ji ◦ ν−1

kj ◦ ν
−1
ki = κkji ∈ Kn:

 yk
ν−1

ki7→ yky
−1
i

ν−1
kj7→ yky

−1
j y−1

i

ν−1
ji7→ ykyiy

−1
j y−1

i

yj
ν−1

ki7→ yj
ν−1

kj7→ yj
ν−1

ji7→ yjy
−1
i

νkj7→ ykyjyiy
−1
j y−1

i

νji7→ ykyjyiy
−1
j y−1

i
νkj7→ yjy

−1
i

νji7→ yj

}
,

6.) kon1x ◦νji ◦ kon1x ◦ν−1
ji = kon2

1x ∈ Kn: y1

ν−1
ji7→ y1

kon1x7→ xy1x
−1 νji7→ xy1x

−1 kon1x7→ x2y1x
−2

yj
ν−1

ji7→ yjy
−1
i

kon1x7→ yjy
−1
i

νji7→ yj
kon1x7→ yj

 .
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Theorem 4.14. Let n ≥ 2 and let σ−1 : Γ+(C2, π) → GL(n − 1,Z) be

the map defined above and let Kn ≤ Γ+(C2, π) be the subgroup generated

by the following automorphisms:

εi : {x 7→ xyi}, δi : {x 7→ yix},
ψ2
i : {yi 7→ yix

2}

for 1 ≤ i ≤ n − 1. Then ker(σ−1) = Kn. In particular the generalized

Torelli group ker(σ−1) is finitely generated as a group.

Proof. Apply Proposition 1.9 together with Lemma 4.12, Lemma 4.13

and Lemma 4.7.

From now on we will write always Kn for the kernel of σ−1. In the

next corollary we give another set of generators for Kn, which is only a

little bit different from that given in Theorem 4.14.

Corollary 4.15. Let n ≥ 2. The group Kn is generated by the following

automorphisms:

εi : {x 7→ xyi}, ψ2
i : {yi 7→ yix

2} ,

αi :

{
x 7→ x−1

yi 7→ xy−1
i x−1

}
for 1 ≤ i ≤ n− 1.

Proof. By Proposition 4.9 it is clear that αi ∈ Kn. Furthermore we have

δi = ψ2
i ◦ ε−1

i ◦ ψ2
i ◦ αi,

which shows, together with Theorem 4.14, that Kn is generated by εi,

ψ2
i and αi for 1 ≤ i ≤ n− 1.
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Chapter 5

Some matrix groups

In this chapter we study some matrix groups, which will occur in Chapter

6 and Chapter 7. For this purpose, let n ≥ 2 and define

Γn(2) := {M ∈ GL(n,Z) | M ≡ In mod 2}

Γ1
n(2) :=

{
M ∈ SL(n,Z) | M ≡

(
1 0 . . . 0

∗ ∗

)
mod 2

}
,

Γ̃1
n(2) :=

{
M ∈ SL(n,Z) | M ≡

(
1 0 . . . 0

∗ In−1

)
mod 2

}
.

In this chapter we determine generators for these groups. The idea

of the proof is to use the Euclidean algorithm in Z.

5.1 A modified Euclidean algorithm

Recall the classical division algorithm, that is, for a, b ∈ Z there are

q, r ∈ Z with

a = qb+ r and |r| < |b|.

The next lemma will modify this algorithm a little bit. Actually it says

that q can be chosen in 2Z.

Lemma 5.1 (Modified divsion algorithm). Let a, b ∈ Z\{0} with a 6∈ bZ.

Then we can find q, r ∈ Z with the following properties:

1. a = qb+ r,

2. q ∈ 2Z,
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Chapter 5. Some matrix groups

3. |r| < |b|.

Proof. Let a, b ∈ Z \ {0}. By the classical division algorithm there are

q′, r′ ∈ Z with

a = q′b+ r′ and |r′| < |b|.

The case r′ = 0 is impossible since a 6∈ bZ. Hence r′ 6= 0 and we have

0 < |r′| < |b|. If q′ is even we stop here and set r := r′ and q := q′.

If q′ is odd we consider the four cases:

If r′ and b are both positive, we have 0 < r′ < b. Subtraction of b yields

−b < r′ − b < 0. Set now r := r′ − b and q = q′ + 1. Then we have

|r| < |b|, q is even and

qb+ r = (q′ + 1)b+ r′ − b = q′b+ r′ = a.

The other three cases are similar.

We can now imitate the Euclidean algorithm with our modified di-

vision algorithm. For this let r0, r1 ∈ Z \ {0}. If r0 6∈ r1Z there are by

Lemma 5.1 a0 ∈ 2Z and r2 ∈ Z with

r0 = a0r1 + r2 and |r2| < |r1|.

If r1 ∈ r2Z we stop the process. Otherwise there are a1 ∈ 2Z and r3 ∈ Z
with

r1 = a1r2 + r3 and |r3| < |r2|.

We iterate this process. The sequence |r1| > |r2| > |r3| > . . . > 0 must

stop after a finite number of steps, say after j iterations:

r0 = a0r1 + r2

r1 = a1r2 + r3
...

rj−1 = aj−1rj + rj+1

(5.1)

with ri ∈ Z, ai ∈ 2Z and

|r1| > |r2| > |r3| > . . . > |rj+1| > 0.

Since the algorithm stops after j steps, we have

rj ∈ rj+1Z.

We call this algorithm the modified Euclidean algorithm.
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Lemma 5.2. Let r0, r1 ∈ Z \ {0}. If we apply the modified Euclidean

algorithm to r0 and r1 and the algorithm stops after j steps then

rj+1 = ± gcd(r0, r1).

Proof. The proof is analogous to the proof of the same result with the

normal Euclidean algorithm (see for example [4]).

Together with (5.1) we can calculate gcd(r0, r1) in the following way:

r2 = r0 − a0r1

r3 = r1 − a1r2
...

± gcd(r0, r1) = rj+1 = rj−1 − aj−1rj,

(5.2)

with ai ∈ 2Z. We remark that if we iterate this and use the fact that

gcd(n1, . . . , nk−1, nk) = gcd(gcd(n1, . . . , nk−1), nk), we can use the modi-

fied Euclidean algorithm to compute the greatest common divisor of more

than two integers.

5.2 Generators for the matrix groups

We apply now the modified Euclidean algorithm to find generators for

the matrix groups mentioned above.

We start with the group

Γn(2) := {M ∈ GL(n,Z) | M ≡ In mod 2}.

This group is called the principal congruence subgroup of level two. Note

that the following sequence is exact

1→ Γn(2)→ GL(n,Z)→ GL(n,Z/2Z)→ 1.

For any a ∈ Z let Eij(a) be the identity matrix with an additional

entry a in the (i, j)-th position, i 6= j. For Eij(1) we just write Eij.

Moreover let Oi := diag(1, . . . , 1,−1, 1, . . . , 1) the matrix with a −1 at

the (i, i)-th position (see Notation).
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Proposition 5.3. Let n ≥ 2. Then the group Γn(2) is generated by the

matrices Eij(2) for 1 ≤ i, j ≤ n with i 6= j and Oi for 1 ≤ i ≤ n.

Proof. Define

G := 〈Eij(2) (i, j = 1, . . . , n; i 6= j), Oi (i = 1, . . . , n)〉

to be the group generated by the matrices Eij(2) and Oi. We have to

show that G equals Γn(2) = {M ∈ GL(n,Z) | M ≡ 1 mod 2}. It

is clear that G is a subgroup of Γn(2). So we only have to show that

every element in Γn(2) can be written as a product of matrices in G, i.e.

G = Γn(2). Note that

Eij(2a) = (Eij(2))a

for all a ∈ Z. This means that all elementary matrices with an even entry

in the (i, j)-th position are in G.

Now let M = (aij) ∈ Γn(2). Since det(M) = ±1 we have

gcd(a11, . . . , an1) = 1.

We want now to compute gcd(a11, . . . , an1) via the modified euclidean

algorithm (see (5.2) and the remark) in the first column of M . For

this notice that if we multiply the matrices E1i(2a) (resp. Ei1(2a)) with

i = 2, . . . , n from the left to M , we add the 2a-fold of the i-th row to

the first row of M (resp. add the 2a-fold of the first row to the i-th row

of M). In this way we can transfer the modified Euclidean algorithm

to M to compute ± gcd(a11, . . . , an1) (a good reference is [2]). Since

gcd(a11, . . . , an1) = ±1, we finally find g1 ∈ G (the product of all E1i(2a)

and Ei1(2a) needed for the modified Euclidean algorithm) with

g1 ·M =


±1 a′12 . . . a′1n
a′21 ∗ . . . ∗
...

...
...

a′n1 ∗ . . . ∗


with suitable a′i1, a

′
1i ∈ 2Z. The ±1 must occur in the upper left corner,

since otherwise the matrix g1 ·M would not be in Γn(2). In fact, we can

assume that there is a +1, since otherwise we can just multiply with O1.

We now use the +1 to eliminate the a′i1’s and a′1i’s. In order to do this

set

f1 := E21 (−a′21) · . . . · En1 (−a′n1) ∈ G,

58



Chapter 5. Some matrix groups

h1 := E12 (−a′12) · . . . · E1n (−a′1n) ∈ G.

With these matrices we have

f1 · (g1 ·M) · h1 =


1 0 . . . 0

0 ∗ . . . ∗
...

...
...

0 ∗ . . . ∗

 .

We repeat this argument with the second row and column using the

matrices E2i(2a), Ei2(2a) and O2 and so on. Finally we have fi, gi and

hi ∈ G (i = 1, . . . , n) with

n−1∏
i=0

(fn−i · gn−i) ·M ·
n∏
j=1

hj = In,

which is equivalent to

M =

(
n−1∏
i=0

(fn−i · gn−i)

)−1

·

(
n∏
j=1

hj

)−1

∈ G.

This shows that every element in Γn(2) can be written as a product of

matrices in G, which completes the proof.

Define now

Γ+
n (2) := {M ∈ SL(n,Z) | M ≡ 1 mod 2}.

Further let O1i = diag(−1, 1, . . . , 1,−1, 1, . . . , 1) be the diagonal matrix

with entry −1 in the (1, 1)- and (i, i)-place for i = 2, . . . , n (see Notation).

With the same argument as above we get the following corollary.

Corollary 5.4. The group Γ+
n (2) is generated by the matrices Eij(2) for

i, j = 1, . . . , n with i 6= j and O1i for i = 2, . . . , n .

We are now going to give generators for the following two subgroups

of Γ+
n (2):

Γ1
n(2) :=

{
A ∈ SL(n,Z) | A ≡

(
1 0 . . . 0

∗ ∗

)
mod 2

}
,

Γ̃1
n(2) :=

{
A ∈ SL(n,Z) | A ≡

(
1 0 . . . 0

∗ In−1

)
mod 2

}
.
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Proposition 5.5.

a) The group Γ1
n(2) is generated by the (n− 1)2 matrices

E1j(2) (2 ≤ j ≤ n) and Eij (2 ≤ i ≤ n, 1 ≤ j ≤ n, i 6= j).

b) The group Γ̃1
n(2) is generated by the 2(n− 1) matrices

E1j(2) (2 ≤ j ≤ n) and Ei1 (2 ≤ i ≤ n).

Proof. For a proof of part a) with n ≥ 3 see [2]. The case n = 2 is

included in part b) since we have

Γ1
2(2) = Γ̃1

2(2).

We are now going to prove part b). First note that the matrices

E1j(2) (2 ≤ j ≤ n) and Ei1 (2 ≤ i ≤ n) (5.3)

are in Γ̃1
n(2) by definition. For the moment, we define G to be the sub-

group of Γ̃1
n(2) which is generated by the matrices given in (5.3). Our

aim is to show that Γ̃1
n(2) = G.

Before doing this we list some other matrices which are in G:

• Eij(2) ∈ G for all 1 ≤ i, j,≤ n (i 6= j):

The matrices E1j(2) (2 ≤ j ≤ n) are by definition in G and the

matrices Ei1(2) = E2
i1 are also in G. Hence we have to show that

Eij(2) ∈ G for 2 ≤ i, j,≤ n (i 6= j) and n ≥ 3.

Eij(2) = E2
ij

Prop. 1.2 (c)
= EijE1jEijE

−1
1j

= EijE1jEijE1jE
−1
1j E

−1
1j

Prop. 1.2 (c)
= EijE1jEi1E1jE

−1
i1 E

−2
1j

Prop. 1.2 (c)
= Ei1E

2
1jE

−1
i1 E

−2
1j ∈ G.

• O1i ∈ G for all 2 ≤ i ≤ n:

We have

O1i =
(
E−1
i1 · E1i(2)

)2 ∈ G.
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We will prove this just for n = 2 and i = 2. The other cases are

analogue.(
E−1
i1 · E1i(2)

)2
=

((
1 0

−1 1

)
·

(
1 2

0 1

))2

=

(
1 2

−1 −1

)2

=

(
−1 0

0 −1

)
.

Let M = (aij) ∈ Γ̃1
n(2). Since det(M) = 1, we have

gcd(a11, . . . , a1n) = 1.

For each a ∈ Z the matrices E1i(2a) = (E1i(2))a and Ei1(2a) = E2a
i1

(2 ≤ i ≤ n) are in G. If we multiply the matrices E1i(2a) (resp. Ei1(2a))

from the right to M , we add the 2a-fold of the first column to the i-th

column of M (resp. add the 2a-fold of the i-th column to the first column

of M). In this way we can transfer the modified Euclidean algorithm

to the first row of M in order to compute ± gcd(a11, . . . , a1n). Since

gcd(a11, . . . , a1n) = 1 we finally find g ∈ G (the product of all E1i(2a)

and Ei1(2a) needed for the modified Euclidean algorithm) with

M · g =


±1 a′12 . . . a′1n
a′21 ∗ . . . ∗
...

...
...

a′n1 ∗ . . . ∗


with suitable a′i1 ∈ Z and a′1i ∈ 2Z. The ±1 must occur in the upper

left corner, since otherwise the matrix g1 ·M would not be in Γ̃1
n(2). We

can assume that there is a +1, since otherwise we can just multiply with

O1,2.

We use now the +1 to eliminate the a′i1’s and a′1i’s. In order to do this

set

f := E21 (−a′21) · . . . · En1 (−a′n1) ∈ G,
h := E12 (−a′12) · . . . · E1n (−a′1n) ∈ G.

With these matrices we have

f · (M · g) · h =


1 0 . . . 0

0 ∗ . . . ∗
...

...
...

0 ∗ . . . ∗

 =: A.
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By Corollary 5.4 and its proof, the matrix A is a product of the

matrices Eij(2) with 2 ≤ i, j,≤ n (i 6= j) and O1i with 2 ≤ i ≤ n. Hence

A ∈ G by the above remark.

It follows that

M = f−1 · A · h−1 · g−1 ∈ G.

This shows that every element M in Γ̃1
n(2) can be written as a product

of matrices in G, which completes the proof.
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Chapter 6

Lower central series quotients of Kn

Let Kn be the kernel of σ−1 (see Chapter 4) and

Kn = γ0(Kn) ≥ γ1(Kn) ≥ γ2(Kn) ≥ . . .

be the corresponding lower central series. In this chapter we study the

quotients γi(Kn)/γi+1(Kn) for i ≥ 0. By Chapter 2 these are mod-

ules over GL(n − 1,Z). In Section 6.1 we supply some facts about

modules over SL(n,Z) and GL(n,Z). Section 6.2 is concerned with

Kab
n = γ0(Kn)/γ1(Kn). For n ≥ 3 we construct an epimorphism

Φn : Vn−1 ⊕Mn−1 � Kab
n ,

where Vn−1 ⊕ Mn−1 is a certain GL(n − 1,Z)-module with underlying

abelian group (Zn−1 ⊕ (Z/2Z)n−1) ⊕ (Z/2Z)n−1. The precise structure

of Vn−1 ⊕ Mn−1 is described in Chapter 6.1. The special case n = 2

is discussed in Section 6.3. In this case it is possible to give a finite

presentation of K2 and identify the isomorphism type of Kab
2 . The last

Section 6.4 is about the quotients γi(Kn)/γi+1(Kn) for i ≥ 1. Our second

main theorem states the surprising fact that these quotients are finite

groups of the form (Z/2Z)bn,i with

0 ≤ bn,i ≤ (3n− 3)i−1 ·
(
3n2 − 7n+ 4

)
(see Theorem 6.25).

6.1 Modules over SL(n,Z) and GL(n,Z)

Let M = Zn be the SL(n,Z)-module with the action given by matrix

multiplication. To be more precise let e1, . . . en denote the standard basis
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of M . Then the SL(n,Z)-action is given by

Eji · ei = ei + ej,

Ejk · ei = ei for k 6= i,

E−1
ji · ei = ei − ej,

E−1
jk · ei = ei for k 6= i.

We call this action on M the standard SL(n,Z)-action.

Proposition 6.1. Let M = Zn be the SL(n,Z)-module with the standard

action and let S ≤ M be a submodule of M with S 6= 0. Then the index

of S in M is finite.

Proof. Let e1, . . . en be the standard basis of M and let v ∈ S with v 6= 0.

Then there are a1, . . . , an ∈ Z with

v =
n∑
i=1

aiei (aj 6= 0 for some j).

For 1 ≤ k ≤ n, k 6= j, consider now

(Ekj · v)− v =

(
n∑
i=1

ai(Ekj · ei)

)
− v

=

(
n∑
i=1

aiei

)
+ ajek − v = ajek.

Thus ajek ∈ S for 1 ≤ k ≤ n, k 6= j. Since

(Ej1 · aje1)− aje1 = aj(Ej1 · e1)− aje1
= aj(e1 + ej)− aje1 = ajej,

we see that ajek ∈ S for all 1 ≤ k ≤ n. Hence the index of S in M is at

most (aj)
n <∞.

Let now M = (Z/2Z)n be the GL(n,Z)-module with the action given

by matrix multiplication. If e1, . . . , en denote the standard generators of

64



Chapter 6. Lower central series quotients of Kn

M , this means

Eji · ei = ei + ej,

Ejk · ei = ei for k 6= i,

E−1
ji · ei = ei − ej = ei + ej,

E−1
jk · ei = ei for k 6= i,

Oi · ei = −ei = ei,

Oj · ei = ej for j 6= i.

We call this action on M the standard GL(n,Z)-action.

Furthermore, we consider the GL(n,Z)-action on M given by

A · x := (A−1)tx

for x ∈M and A ∈ GL(n,Z). We call this action on M the dual standard

GL(n,Z)-action. In terms of the generators e1, . . . en the dual standard

GL(n,Z)-action is given by

Eij · ei = (E−1
ij )t · ei = E−1

ji = ei − ej = ei + ej,

Ekj · ei = (E−1
kj )t · ei = E−1

jk = ei for k 6= i,

E−1
ij · ei = (Eij)

t · ei = Eji = ei + ej,

E−1
kj · ei = (Ekj)

t · ei = Ejk = ei for k 6= i,

Oi · ei = (O−1
i )t · ei = Oi · ei = ei,

Oj · ei = (O−1
j )t · ei = Oj · ei = ej for j 6= i.

Proposition 6.2. Let M = (Z/2Z)n be the GL(n,Z)-module with the

standard action. Then M is also a GL(n,Z/2Z)-module with the ac-

tion induced by standard GL(n,Z)- action. The same holds for the dual

standard action.

Proof. Let e1, . . . , en denote the standard generators of M . By the ex-

actness of the sequence

1→ Γn(2)→ GL(n,Z)→ GL(n,Z/2Z)→ 1

it suffices to show that Γn(2) acts trivial on M . By Proposition 5.3

Γn(2) = 〈Eij(2)(1 ≤ i, j ≤ n , i 6= j), Oi(1 ≤ i ≤ n)〉.

65



Chapter 6. Lower central series quotients of Kn

Hence it suffices to show, that Eij(2) and Oi act trivial on the generators:

Eji(2) · ei = E2
ji · ei = Eji · (ei + ej) = ei + 2ej = ei,

Ejk(2) · ei = E2
jk · ei = ei for k 6= i,

Oj · ei = ei for all j.

The proof with the dual standard action is analogous.

Proposition 6.3. Let M = (Z/2Z)n be the GL(n,Z)-module with the

standard action. Then M is irreducible as a GL(n,Z)-module. Actually

M is irreducible as a SL(n,Z)-module. The same holds for M together

with the dual standard action.

Proof. Let e1, . . . , en denote the standard generators of M . The action

of the elementary matrices Eij on e1, . . . , en is then given by

Eji · ei = ei + ej

Ejk · ei = ei for k 6= i.

Assume now there is a submodule S ≤M with S 6= 0. We have to show

that S = M . Since S 6= 0, there exists an element v ∈ S, v 6= 0, say

v =
n∑
i=1

aiei

with ai ∈ {0, 1} and aj = 1 for some j. We have

(Ekj · v)− v =

(
n∑
i=1

ai(Ekj · ei)

)
− v =

(
n∑
i=1

aiei

)
+ ek − v = ek ∈ S,

for all k 6= j. But then

(Ej1 · e1)− e1 = (e1 + ej)− e1 = ej ∈ S.

Hence S = M .

The proof for M together with the dual standard action is analogous.

Finally, we will define another GL(n,Z)-module, which will arise in

the next section. We are going to specify the action of GL(n,Z) on this
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new module in terms of generators and then extend it linearly. Before

doing this let us take a look at the general situation:

LetG be finitely presented group and A be a finitely generated abelian

group, say

G = 〈g1, . . . , gn | R1, . . . , Rm〉,
A = 〈e1, . . . , es, d1, . . . , dt, | [ei, ej] = 0, [ei, dj] = 0, [di, dj] = 0,

a1 · d1 = 0, . . . , at · dt = 0〉

with a1, . . . , at ∈ N \ {1}. The ei are then the free generators of A and

the di are the torsion generators. In order to define an action of G on A

we proceed in the following way:

First we define the action in terms of the generators

gi · ej := vij ∈ A, g−1
i · ej := ṽij ∈ A,

gi · dj := wij ∈ A, g−1
i · dj := w̃ij ∈ A.

Of course there are restrictions for this definitions (see below). Then we

extend the action linearly, i.e. for x =
∑s

k=1 bkek+
∑t

j=1 cjdj (bk, cj ∈ Z)

we define

gεi · x :=
s∑

k=1

bk (gεi · ek) +
t∑

j=1

cj (gεi · dj) (ε ∈ {−1, 1})

and for g = gε1i1 . . . g
εk
ik

(εj ∈ {−1, 1})

g · x := gε1i1 ·
(
· · · (gek

ik
· x) . . .

)
.

Note that these definitions lead to a well defined action of G on A if and

only if the following relations are satisfied

a) gi · (g−1
i · ej) = ej, g−1

i · (gi · ej) = ej and

gi · (g−1
i · dj) = dj, g−1

i · (gi · dj) = dj,

b) aj · (gεi · dj) = 0 for all 1 ≤ j ≤ t (ε ∈ {−1, 1}),

c) Ri · ej = ej and Ri · dj = dj for 1 ≤ i ≤ m.
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Remark 6.4. Let x =
∑s

k=1 bkek +
∑t

j=1 cjdj with bk, cj ∈ Z. By the

above construction we have

g · x =
s∑

k=1

bk (g · ek) +
t∑

j=1

cj (g · dj)

for all g ∈ G.

We are now going to apply this method to define another GL(n,Z)-

module Vn. The module Vn will play an important role in the next

section.

Lemma 6.5. Let Vn := Zn⊕ (Z/2Z)n as an abelian group with standard

generators e1, . . . , en and d1, . . . , dn. If we define on the generators

Eji · ei = ei + ej, E−1
ji · ei = ei − ej,

Ejk · ei = ei (k 6= i), E−1
jk · ei = ei (k 6= i),

O1 · e1 = d1 − e1,
O1 · ei = ei + di (i 6= 1),

Eji · di = di + dj, E−1
ji · di = di + dj,

Ejk · di = di (k 6= i), E−1
jk · di = di (k 6= i),

O1 · di = di for all i

we obtain a GL(n,Z)-action on Vn.

Proof. We have to show that these definition extends to an action, i.e.

we have to check the points a) - c) (see above).

First note, that by the above formulas the action defined on the

generators d1, . . . , dn of the group (Z/2Z)n coincides with the standard

GL(n,Z)-action. Hence it is clear that the points a) - c) hold for d1, . . . , dn.

Furthermore note that the SL(n,Z)-action defined on the generators

e1, . . . , en of Zn coincides with the standard SL(n,Z)-action. Hence we

just have to look on relations containing the generator O1:

a) It suffices to show that O1O1 · ei = ei for all i:

We have
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• for i 6= 1

O1O1 · ei = O1 · (ei + di) = ei + 2di = ei,

• for i = 1

O1O1 · e1 = O1 · (d1 − e1) = d1 − d1 + e1 = e1.

b) Here is nothing to show.

c) It suffices to show that R · ei = ei, where R is one of the following

relators

1.) O1EijO1E
−1
ij if i, j 6= 1,

2.) (O1E1j)
2 if j 6= 1,

3.) (O1Ej1)
2 if j 6= 1,

4.) O2
1.

1.) We show that O1EijO1E
−1
ij · ek = ek if i, j 6= 1,

for all k:

• for k 6= 1, j

O1EijO1E
−1
ij · ek = O1Eij · (ek + dk) = ek + 2dk = ek,

• for k = 1

O1EijO1E
−1
ij · e1 = O1Eij · (d1 − e1) = d1 − d1 + e1 = e1,

• for k = j

O1EijO1E
−1
ij · ej = O1EijO1 · (ej − ei)

= O1Eij · (ej + dj − ei + di)

= O1 · (ej + ei + dj + di − ei + di)

= O1 · (ej + dj) = ej + 2dj = ej.

2.) We show that (O1E1j)
2 · ei = ei for all i (j 6= 1):

We have
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• for i 6= 1, j

(O1E1j)
2 · ei = O1E1j · (ei + di) = ei + 2di = ei,

• for i = j

(O1E1j)
2 · ej = O1E1jO1 · (ej + e1)

= O1E1j · (ej + dj − e1 + d1)

= = O1(ej + e1 + dj + d1 − e1 + d1)

= O1 · (ej + dj) = ej + 2dj = ej,

• for i = 1

(O1E1j)
2 · e1 = O1E1j · (d1 − e1) = d1 − d1 + e1 = e1.

3.) We show that (O1Ej1)
2 · ei = ei for all i (j 6= 1):

We have

• for i 6= 1

(O1Ej1)
2 · ei = O1Ej1 · (ei + di) = ei + 2di = ei,

• for i = 1

(O1Ej1)
2 · e1 = O1Ej1O1 · (e1 + ej)

= O1Ej1 · (d1 − e1 + ej + dj)

= O1 · (d1 + dj − e1 − ej + ej + dj)

= O1 · (d1 − e1)
= d1 − d1 + e1 = e1,

Lemma 6.6. Let Vn be the GL(n,Z)-module defined above. Then we

have for all i

Oi · ei = di − ei,
Oj · ei = ei + di (i 6= j),

Oj · di = di.
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Proof. Notice that

Oi = E−1
1i E

2
i1O1E1iE

−2
i1

by Proposition 1.5. Hence we obtain

• for j 6= 1, i

E−1
1i E

2
i1O1E1iE

−2
i1 · ej = E−1

1i E
2
i1 · (ej + dj) = ej + dj,

• for j = 1

E−1
1i E

2
i1O1E1iE

−2
i1 · e1 = E−1

1i E
2
i1O1E1i · (e1 − 2ei)

= E−1
1i E

2
i1O1 · (−e1 − 2ei) = E−1

1i E
2
i1 · (e1 − d1 − 2ei)

= E−1
1i · (e1 − d1) = e1 − d1,

• for j = i

E−1
1i E

2
i1O1E1iE

−2
i1 · ei = E−1

1i E
2
i1O1 · (ei + e1)

= E−1
1i E

2
i1 · (ei + di + d1 − e1) = E−1

1i · (di + d1 − e1 − ei)
= di − ei.

6.2 The abelianized group Kab
n

By Chapter 4 the following sequence is exact

1→ Kn → Γ+(C2, π)→ GL(n− 1,Z)→ 1. (6.1)

Define Kab
n := Kn/[Kn, Kn], where [Kn, Kn] is the commutator subgroup

of Kn. By Theorem 4.14 Kab
n is a finitely generated abelian group. Fur-

thermore Kab
n is a GL(n− 1,Z)-module by Proposition 2.17. To be more

precise let A ∈ GL(n− 1,Z) and a ∈ Γ+(C2, π) with σ−1(a) = A. Then

the action of A on an element [k] ∈ Kab
n is given by

A · [k] := [a ◦ k ◦ a−1].

We are now interested in the structure of the GL(n− 1,Z)-module Kab
n .
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Lemma 6.7. In Kn ≤ Γ+(C2, π) the following relations hold for n ≥ 3

and 1 ≤ i, j ≤ n− 1 with i 6= j:

(ψ2
i )

2 = (ζaij)
−1 ◦ ψ2

j ◦ ζcij ◦ ψ−2
j .

Proof. (ψ2
i )

2 = (ζaij)
−1 ◦ ψ2

j ◦ ζcij ◦ ψ−2
j : yi

ψ−2
j7→ yi

ζc
ij7→ yiyjx

−1yjx
ψ2

j7→ yiyjxyjx
3

(ζa
ij)

−1

7→ yix
4

yj
ψ−2

j7→ yjx
−2

ζc
ij7→ yjx

−2
ψ2

j7→ yj
(ζa

ij)
−1

7→ yj

 .

So the resulting automorphism is (ψ2
i )

2.

Lemma 6.8. In Kab
n the following relations hold

(a) for n ≥ 2:

[konxi] = [δi]− [εi], [kon2
ix] = 0,

[ϕ2
i ] = [ψ2

i ], [αi] = [εi] + [δi]− 2[ψ2
i ],

2[αi] = 0, [αi] = −[βi].

(b) for n ≥ 3:

2[ψ2
i ] = 0, [αi] = [εi] + [δi],

[κjk] = 0, [kon−ijx] = [αi] + [αj],

[ζaij] = [ζbij] = [ζcij] = [ζdij] = 0, [konij] = [αj].

(c) for n ≥ 4:

[κijk] = 0.

Proof. (a) Let n ≥ 2. With the help of formulas in the proof of Proposi-

tion 4.9 and Lemma 4.11 we can conclude that

[konxi] = [δi ◦ ε−1
i ] = [δi]− [εi],

[αi] = [ψ−2
i ◦ εi ◦ ψ−2

i ◦ δi] = [εi] + [δi]− 2[ψ2
i ],

[βi] = [ψ2
i ◦ δ−1

i ◦ ψ2
i ◦ ε−1

i ] = −[εi]− [δi] + 2[ψ2
i ],

[kon2
ix] = [αi ◦ βi] = [εi] + [δi]− 2[ψ2

i ]− [εi]− [δi] + 2[ψ2
i ] = 0,

[ϕ2
i ] = [kon2

ix ◦ψ2
i ] = [kon2

ix] + [ψ2
i ] = [ψ2

i ].
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Since α2
i = id by Proposition 4.9, we have

0 = [α2
i ] = 2[αi].

(b) Now let n ≥ 3. Again we use the formulas in the proof of Lemma 4.11:

[ζcij] = [ε−1
j ◦ ψ−2

i ◦ εj ◦ ψ2
i ] = 0,

[ζaij] = [kon−1
ij ◦ψ2

i ◦ konij ◦ζcij ◦ ψ−2
i ] = [ζcij] = 0,

[ζbij] = [αi ◦ (ζcij)
−1 ◦ αi] = 2[αi]− [ζcij] = 0,

[ζdij] = [βi ◦ (ζaij)
−1 ◦ βi] = 2[βi]− [ζaij] = 0.

Now Lemma 6.7 yields

2[ψ2
i ] = [(ψ2

i )
2] = [(ζaij)

−1 ◦ ψ2
j ◦ ζcij ◦ ψ−2

j ] = 0.

And hence we get together with part (a)

[αi] = [εi] + [δi]− 2[ψ2
i ] = [εi] + [δi]. (6.2)

Further

[kon−ijx] = [αi ◦ βj] = [αi] + [βj]
(a)
= [αi]− [αj] = [αi] + [αj],

[κjk] = [εj ◦ εk ◦ ε−1
j ◦ ε−1

k ] = 0,

[konij] = [βi ◦ ε−1
j ◦ βi ◦ δ−1

j ] = −[εj]− [δj]
(6.2)
= −[αj] = [αj].

(c) Finally let n ≥ 4. We have to show that [κijk] = 0:

[κijk] = [konxj ◦εj◦(kon−ijx)
−1◦εj◦kon−ijx ◦ kon−1

ik ◦ζdik◦(kon−ijx)
−1◦

ε−1
j ◦ kon−ijx ◦(ζdik)−1 ◦ konik ◦ε−1

j ◦ kon−1
xj ] = 0.

By Corollary 4.15, the group Kn is generated by εi, αi and ψ2
i for

i = 1, . . . , n− 1. This leads us to the following generator set of Kab
n .

Proposition 6.9. Let n ≥ 2. Then the group Kab
n is generated by [εi],

[αi] and [ψ2
i ] for i = 1, . . . , n− 1.

• For n ≥ 2 the order of [αi] is either one or two.

73



Chapter 6. Lower central series quotients of Kn

• For n ≥ 3 the order [ψ2
i ] is either one or two.

Proof. Corollary 4.15 and Lemma 6.8.

In Section 6.3 we will give a finite presentation of the group K2 and

continue the discussion about Kab
2 there. In particular we will identify

the isomorphism type of Kab
2 . For the rest of this section assume n ≥ 3.

We describe the GL(n− 1,Z)-action on Kab
n with the help of Lemma 6.8

and the formulas in the proof of Lemma 4.12 (in the cases, which are not

listed, the action is trivial):

• The action of GL(n− 1,Z) on the [εi]’s:

Eij · [εi] = [νji ◦ εi ◦ ν−1
ji ] = [εi]

Eji · [εi] = [νij ◦ εi ◦ ν−1
ij ] = [εi] + [εj]

E−1
ij · [εi] = [ν−1

ji ◦ εi ◦ νji] = [εi]

E−1
ji · [εi] = [ν−1

ij ◦ εi ◦ νij] = [εi ◦ ε−1
j ] = [εi]− [εj]

Oi · [εi] = [konix ◦εi ◦ kon−1
ix ] = [kon2

ix ◦δi ◦ kon−2
ix ] = [δi]

= [αi]− [εi]

Oj · [εi] = [konjx ◦εi ◦ kon−1
jx ] = [εi ◦ kon−1

ji ] = 2[εi] + [δi]

= −[δi] = [εi]− [αi]

• The action of GL(n− 1,Z) on the [δi]’s:

Eij · [δi] = [νji ◦ δi ◦ ν−1
ji ] = [δi]

Eji · [δi] = [νij ◦ δi ◦ ν−1
ij ] = [δi] + [δj]

E−1
ij · [δi] = [ν−1

ji ◦ δi ◦ νji] = [δi]

E−1
ji · [δi] = [ν−1

ij ◦ δi ◦ νij] = [δ−1
j ◦ δi] = [δi]− [δj]

Oi · [δi] = [konix ◦δi ◦ kon−1
ix ] = [εi]

Oj · [δi] = [konjx ◦δi ◦ kon−1
jx ] = [δi ◦ αj ◦ kon−1

ji ◦αj]
= 2[δi] + [εi] = −[εi]
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• The action of GL(n− 1,Z) on the [αi]’s ([αi] = [εi] + [δi]):

Eij · [αi] = [εi] + [δi] = [αi]

Eji · [αi] = [εi] + [εj] + [δi] + [δj] = [αi] + [αj]

E−1
ij · [αi] = [εi] + [δi] = [αi]

E−1
ji · [αi] = [εi]− [εj] + [δi]− [δj] = [αi]− [αj]

Oi · [αi] = [δi] + [εi] = [αi]

Oj · [αi] = −[δi]− [εi] = −[αi] = [αi]

• The action of GL(n− 1,Z) on the [ψ2
i ]’s:

Eij · [ψ2
i ] = [νji ◦ ψ2

i ◦ ν−1
ji ] = [ψ2

i ◦ kon−1
ji ◦ψ−2

j ◦ konji]

= [ψ2
i ] + [ψ2

j ]

Eji · [ψ2
i ] = [νij ◦ ψ2

i ◦ ν−1
ij ] = [kon−1

ij ◦ψ2
i ◦ konij] = [ψ2

i ]

E−1
ij · [ψ2

i ] = [ν−1
ji ◦ ψ2

i ◦ νji] = [ψ2
i ] + [ψ2

j ]

E−1
ji · [ψ2

i ] = [ν−1
ij ◦ ψ2

i ◦ νij] = [ψ2
i ]

Oi · [ψ2
i ] = [konix ◦ψ2

i ◦ kon−1
ix ] = [ψ2

i ].

Proposition 6.10. Let n ≥ 3. Further let

Vn−1 = Zn−1 ⊕ (Z/2Z)n−1

be the GL(n− 1,Z)-module defined in Lemma 6.5 and

Mn−1 = (Z/2Z)n−1

be the GL(n − 1,Z)-module with the dual standard action. Then there

are surjective GL(n− 1,Z)-equivariant homomorphisms

Φn : Vn−1 ⊕Mn−1 � Kab
n

for all n ≥ 3.

Proof. Let e1, . . . , en−1 and d1, . . . , dn−1 denote the standard generators

of Vn−1 and f1, . . . , fn−1 the standard generators of Mn−1. Define Φn :

Vn ⊕M → Kab
n by

ei 7→ [εi],

di 7→ [αi],

fi 7→ [ψ2
i ]
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for i = 1, . . . , n − 1. By the above formulas it is clear that Φn is a

GL(n − 1,Z)-homomorphism. Since [εi], [αi] and [ψ2
i ] generate Kab

n by

Proposition 6.9, the map Φn is surjective.

Definition 6.11. Define

An := 〈α1, . . . , αn−1〉

to be the subgroup of Kab
n generated by the αi,

Pn := 〈ψ2
1, . . . , ψ

2
n−1〉

to be the subgroup of Kab
n generated by the ψ2

i and

En := 〈ε1, . . . , εn−1〉

to be the subgroup of Kab
n generated by the εi. �

Remark 6.12. Actually, we see by the above formulas that, An and

Pn are GL(n − 1,Z)-submodules of Kab
n . The subgroup En is only a

SL(n− 1,Z)-submodule of Kab
n .

Proposition 6.13. Let n ≥ 3. Further let M = (Z/2Z)n−1. Then we

have

• The submodule An ≤ Kab
n is either isomorphic to M with the stan-

dard action or to 0.

• The submodule Pn ≤ Kab
n is either isomorphic to M with the dual

standard action or to 0.

Proof. LetM = (Z/2Z)n−1 be the GL(n−1,Z)-module with the standard

action and let e1, . . . , en−1 denote the standard generators of M . Define

fn : M � An

to be the homomorphism, which sends ei to [αi]. By the above formulas it

is clear, that fn is GL(n−1,Z) equivariant. Hence ker(fn) is a submodule

of M . Since M is irreducible as GL(n − 1,Z)-modules by Proposition

6.3, we obtain

ker(fn) = 0 or ker(fn) = M.

So fn is an isomorphism or fn is the zero-map.

The proof for Pn is analogous.
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Proposition 6.14. Let n ≥ 3. Further let M = Zn−1 together with the

standard SL(n−1,Z)-action. The subgroup En of Kab
n is as a SL(n−1,Z)-

submodule either isomorphic to M or to some finite SL(n−1,Z)-module.

Proof. Let e1, . . . , en−1 denote the standard basis of M . Define

fn : M � En

to be the homomorphism, which sends ei to [εi]. By the above formulas

fn is a SL(n−1,Z)-homomorphism. Hence ker(fn) is a submodule of M .

By Proposition 6.1 we have either

ker(fn) = 0 or ker(fn) has finite index in M.

In the case ker(fn) = 0, the homomorphism fn is an isomorphism and

En is isomorphic to M as SL(n − 1,Z)-module. In the case ker(fn) has

finite index in M , we obtain

En ∼= M/ ker(fn),

which is a finite SL(n− 1,Z)-module.

The results of Propsition 6.13 and Proposition 6.14 are all we know

about the structure of Kn for n ≥ 3. But our conjecture is that

• the submodule An ≤ Kab
n is isomorphic to (Z/2Z)n−1 with the

standard GL(n− 1,Z)-action,

• the submodule Pn ≤ Kab
n is isomorphic to (Z/2Z)n−1 with the dual

standard GL(n− 1,Z)-action,

• the SL(n − 1,Z)-submodule En of Kab
n is isomorphic to Zn−1 with

the standard SL(n− 1,Z)-action.

Moreover we conjecture the following.

Conjecture 6.15. Let n ≥ 3. The GL(n− 1,Z)-homomorphism

Φn : Vn−1 ⊕Mn−1 � Kab
n

is an isomorphism for each n.
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6.3 The special case n = 2

In the case n = 2 we get by Theorem 4.14 an exact sequence

1→ K2 → Γ+(C2, π)→ GL(1,Z)→ 1.

Thus we see that the index of K2 in Γ+(C2, π) is two. Since by Lemma

4.1 the index of Γ+(C2, π) in Aut(F2) is six, we conclude that the index

of K2 in Aut(F2) is twelve.

By Proposition 3.1, we know the following finite presentation of Aut(F2).

Aut(F2) = 〈π12, σ1, ν12 | π2
12 = 1, σ2

1 = 1, (σ1 ◦ π12)
4 = 1,

σ−1
1 ◦ ν−1

12 ◦ σ−1
1 ◦ ν−1

12 ◦ σ1 ◦ ν12 ◦ σ1 ◦ ν12 = 1,

(ν12 ◦ π12 ◦ σ1 ◦ π12)
2 = 1, (σ1 ◦ π12 ◦ ν12)

3 = 1〉.

By applying the Reidemeister rewriting process (see for example [16]

Chapter 2.3) we can calculate a finite presentation of K2. We used the

computer algebra system Magma to do this. For the program, see the

Appendix in Chapter 8. Here is the result.

Proposition 6.16. The group K2 has the following finite presentation

K2 = 〈ε1, α1, ψ
2
1 | α2

1 = 1, [α1, ε1] = 1

[α1, ψ
2
1] ◦ [α1, ψ

−2
1 ] = 1, [ε−1

1 , ψ2
1] ◦ [ε1, ψ

−2
1 ] = 1〉.

Starting from this presentation we can compute the isomorphism type

of the abelianized group Kab
2 .

Corollary 6.17. The abelianized group Kab
2 has the following finite pre-

sentation

Kab
2 = 〈ε1, α1, ψ

2
1 | α2

1 = 1, [α1, ε1] = 1,

[α1, ψ
2
1] = 1, [ε1, ψ

2
1] = 1〉.

In particular, we have

Kab
2
∼= Z2 ⊕ Z/2Z.

The GL(1,Z)-action is given by

O1 · [ε1] = [α1] + 2[ψ2
1]− [ε1],

O1 · [α1] = [α1],

O1 · [ψ2
1] = [ψ2

1].
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By Proposition 2.6, the abelian group γ1(K2)/γ2(K2) is generated by

[ε1, α1] · γ2(K2), [ε1, ψ
2
1] · γ2(K2), [α1, ψ

2
1] · γ2(K2).

But [ε1, α1] = [α1, ε1]
−1 = 1 by Proposition 6.16 and so the group

γ1(K2)/γ2(K2) is generated by [ε1, ψ
2
1] · γ2(K2) and [α1, ψ

2
1] · γ2(K2).

Lemma 6.18. The simple commutators [ε1, ψ
2
1] and [α1, ψ

2
1] have order

one or two modulo γ2(K2).

Proof. We know from Proposition 6.16 that [ε−1
1 , ψ2

1] ◦ [ε1, ψ
−2
1 ] = 1. It

follows by Lemma 2.9 that

1 = [ε−1
1 , ψ2

1] ◦ [ε1, ψ
−2
1 ] ≡ [ψ2

1, ε1] ◦ [ψ2
1, ε1] mod γ2(K2).

A short calculation with Magma (see Appendix) shows that the order

of [ε1, ψ
2
1] and [α1, ψ

2
1] is two modulo γ2(K2). In fact we obtain the

following proposition.

Proposition 6.19. The group γ1(K2)/γ2(K2) is isomorphic to (Z/2Z)2.

In particular the order of γ1(K2)/γ2(K2) is finite.

If we apply now Corollary 2.13, we see that all quotients γi(K2)/γi+1(K2)

are of the form (Z/2Z)b2,i for i ≥ 1. Moreover we obtain the following

proposition.

Proposition 6.20. Let i ≥ 1. Then the group γi(K2)/γi+1(K2) is a

finite abelian group of the form (Z/2Z)b2,i with

0 ≤ b2,i ≤ 3i−1 · 2.

Proof. Apply Corollary 2.13 together with Proposition 6.17 and Propo-

sition 6.19.

We computed the numbers b2,i for i = 1, . . . , 9 with the help of

Magma (see Apendix). Here is the result.

b2,1 b2,2 b2,3 b2,4 b2,5 b2,6 b2,7 b2,8 b2,9 . . .

2 4 6 10 14 22 32 48 70
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Remark 6.21. After computing one value of the b2,i’s, say b2,i0 ,we can

improve the estimation of the b2,i’s (i ≥ i0) by Corollary 2.13. This is

illustrated in the following table.

b2,1 b2,2 b2,3 b2,4 b2,5 b2,6 b2,7 b2,8 b2,9 . . .

2 ≤ 6 ≤ 18 ≤ 54 ≤ 162 ≤ 486 ≤ 1458 ≤ 4374 ≤ 13122

2 4 ≤ 12 ≤ 36 ≤ 108 ≤ 324 ≤ 972 ≤ 2916 ≤ 8748

2 4 6 ≤ 18 ≤ 54 ≤ 162 ≤ 486 ≤ 1458 ≤ 4374

2 4 6 10 ≤ 30 ≤ 90 ≤ 270 ≤ 810 ≤ 2430

2 4 6 10 14 ≤ 42 ≤ 126 ≤ 378 ≤ 1134

2 4 6 10 14 22 ≤ 66 ≤ 198 ≤ 594

2 4 6 10 14 22 32 ≤ 96 ≤ 288

2 4 6 10 14 22 32 48 ≤ 144

2 4 6 10 14 22 32 48 70

Finally, we give a conjecture about the numbers b2,i, which is based

on an observation about the known values of b2,1 – b2,9.

Conjecture 6.22. The number b2,i is given by the following formula

b2,i =

{
b2,i−1 + b2,i−3 for i odd

b2,i−1 + b2,i−3 + 2 for i even.

6.4 Higher quotients of the lower central

series

In this section we consider quotients of the lower central series of Kn for

n ≥ 3. We use the notation γni := γi(Kn). Our second main theorem

states the surprising fact that the the quotients γni /γ
n
i+1 (i ≥ 1) are finite

abelian groups of the form (Z/2Z)bn,i with

0 ≤ bn,i ≤ (3n− 3)i−1 ·
(
3n2 − 7n+ 4

)
.

By Corollay 4.15 we know that Kn is generated by εi, αi and ψ2
i for

i = 1, . . . , n − 1. Hence by Proposition 2.6 the abelian group γn1 /γ
n
2 is

generated by the following elements
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[εi, εj] · γn2 (i < j), [εi, αj] · γn2 ,

[εi, ψ
2
j ] · γn2 , [αi, αj] · γn2 (i < j),

[αi, ψ
2
j ] · γn2 , [ψ2

i , ψ
2
j ] · γn2 (i < j).

Since [ψ2
i ] and [αi] have order one or two in Kab

n (by Proposition 4.9 and

Lemma 6.8), the elements [εi, αj] ·γn2 , [εi, ψ
2
j ] ·γn2 , [αi, αj] ·γn2 , [αi, ψ

2
j ] ·γn2 ,

[ψ2
i , ψ

2
j ] · γn2 have all finite order in γn1 /γ

n
2 by Lemma 2.8. In fact they

have order one or two.

Lemma 6.23. Let n ≥ 2. Then the following relations hold in Kn for

1 ≤ i, j ≤ n− 1:

a) [εi, δj] = 1, [εi, αi] = 1 and [ψ2
i , ψ

2
j ] = 1,

b) [αi, ψ
2
i ] = kon2

ix and [αi, ψ
2
j ] = ψ−4

j (i 6= j),

c) [αi, αj] = kon2
ix ◦ kon−2

jx (i 6= j).

Proof. a) [εi, δj] = 1:{
x

δ−1
j7→ y−1

j x
ε−1
i7→ y−1

j xy−1
i

δj7→ xy−1
j

εi7→ x

}
,

[εi, αi] = 1: x
αi7→ x−1

ε−1
i7→ yix

−1 αi7→ xy−1
i

εi7→ x

yi
αi7→ xy−1

i x−1
ε−1
i7→ xy−1

i x−1 αi7→ yi
εi7→ yi

,

[ψ2
i , ψ

2
j ] = 1: yi
ψ−2

j7→ yi
ψ−2

i7→ yix
−2

ψ2
j7→ yix

−2 ψ2
i7→ yi

yj
ψ−2

j7→ yjx
−2

ψ−2
i7→ yjx

−2
ψ2

j7→ yj
ψ2

i7→ yj

,

b) [αi, ψ
2
i ] = kon2

ix: x
ψ−2

i7→ x
αi7→ x−1 ψ2

i7→ x−1 αi7→ x

yi
ψ−2

i7→ yix
−2 αi7→ xy−1

i x
ψ2

i7→ x−1y−1
i x

αi7→ x2yix
−2

,
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[αi, ψ
2
j ] = ψ−4

j :
x

ψ−2
j7→ x

αi7→ x−1
ψ2

j7→ x−1 αi7→ x

yi
ψ−2

j7→ yi
αi7→ xy−1

i x−1
ψ2

j7→ xy−1
i x−1 αi7→ yi

yj
ψ−2

j7→ yjx
−2 αi7→ yjx

2
ψ2

j7→ yjx
4 αi7→ yjx

−4

,

c) [αi, αj] = kon2
ix ◦ kon−2

jx :
x

αj7→ x−1 αi7→ x
αj7→ x−1 αi7→ x

yi
αj7→ yi

αi7→ xy−1
i x−1 αj7→ x−1y−1

i x
αi7→ x2yix

−2

yj
αj7→ xy−1

j x−1 αi7→ x−1y−1
j x

αj7→ x2yjx
−2 αi7→ x−2yjx

2

.

Proposition 6.24. For n ≥ 3 the group γn1 /γ
n
2 is generated by

[εi, αj] · γn2 (i 6= j), [εi, ψ
2
j ] · γn2 ,

[αi, ψ
2
j ] · γn2 .

where each of these generators has order one or two. In particular γn1 /γ
n
2

is a finite abelian group of the form (Z/2Z)bn,2 with

0 ≤ bn,2 ≤ 3n2 − 7n+ 4.

Proof. By the above remark we know that the abelian group γn1 /γ
n
2 is

generated by the following elements

[εi, εj] · γn2 (i < j), [εi, αj] · γn2 ,

[εi, ψ
2
j ] · γn2 , [αi, αj] · γn2 (i < j),

[αi, ψ
2
j ] · γn2 , [ψ2

i , ψ
2
j ] · γn2 (i < j).

By Lemma 6.23 we have

• [εi, αi] · γn2 = 0 and [ψ2
i , ψ

2
j ] · γn2 = 0,

• [αi, αj] ·γn2 = [αi, ψ
2
i ][ψ

2
j , αj] ·γn2 = [αi, ψ

2
i ] ·γn2 − [αj, ψ

2
j ] ·γn2 (i 6= j).

82



Chapter 6. Lower central series quotients of Kn

Thus it suffices to show that [εi, εj] is a sum of [εi, αj], [εi, ψ
2
j ] and [αi, ψ

2
j ]

modulo γn2 .

[εi, εj] = εi ◦ εj ◦ ε−1
i ◦ ε−1

j

L. 6.23 a)
= εi ◦ εj ◦ δj ◦ ε−1

i ◦ δ−1
j ◦ ε−1

j

= [εi, εj ◦ δj]
Prop. 4.9

= [εi, εj ◦ ψ2
j ◦ ε−1

j ◦ ψ2
j ◦ αj]

L. 2.2≡ [εi, εj] ◦ [εi, ψ
2
j ] ◦ [εi, ε

−1
j ] ◦ [εi, ψ

2
j ] ◦ [εi, αj]

L. 2.9≡ [εi, εj] ◦ [εi, ψ
2
j ] ◦ [εi, εj]

−1 ◦ [εi, ψ
2
j ] ◦ [εi, αj]

≡ [εi, ψ
2
j ]

2 ◦ [εi, αj] mod γn2 .

This means

[εi, εj] · γn2 = [εi, αj] · γn2 .

For the estimation of the bn,2, we count the numbers of generators:

We have (n − 1)(n − 2) generators of the form [εi, αj] · γn2 (i 6= j) and

2(n−1)2 generators of the form [εi, ψ
2
j ] ·γn2 or [αi, ψ

2
j ] ·γn2 . It follows that

there are at most

(n− 1)(n− 2) + 2(n− 1)2 = 3n2 − 7n+ 4

generators. Hence we obtain

0 ≤ bn,2 ≤ 3n2 − 7n+ 4.

Our second main theorem states the surprising fact that the quotients

γi(Kn)/γi+1(Kn) are finite groups for all i ≥ 1.

Theorem 6.25. Let n ≥ 2 and i ≥ 1. Then the group γi(Kn)/γi+1(Kn)

is a finite abelian group of the form (Z/2Z)bn,i with

0 ≤ bn,i ≤ (3n− 3)i−1 ·
(
3n2 − 7n+ 4

)
.

Proof. For the case n = 2 see Corollary 6.20. For n ≥ 3 apply Corollary

2.13 to Proposition 6.24 and Proposition 6.9.

By Proposition 4.9 the group Kn is not torsion-free. Thus by Propo-

sition 2.16 there are two possibilities:
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Proposition 6.26. Let n ≥ 3. Then we have either

• there is a natural number i0 ∈ N0 such that γni0/γ
n
i0+1 is not torsion-

free or

• Kn is not residually nilpotent, i.e.
⋂∞
i=0 γi(Kn) 6= 1.
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Further results

In this chapter we present some results concerned with the relationship

between the classical Torelli group IA(Fn) and the generalized Torelli

group Kn.

7.1 IA(Fn−1) as a subgroup of Kn

Let n ≥ 3 and Fn be the free group generated by x, y1, . . . , yn−1. Define

An−1 :=

{
ϕ ∈ Aut(Fn)

∣∣∣∣∣ ϕ(x) = x

ϕ(yi) ∈ 〈y1, . . . , yn−1〉

}
≤ Aut(Fn).

Let Gn−1 ≤ Fn be the subgroup generated by y1, . . . , yn−1, which

is a free group on the n − 1 free generators y1, . . . , yn−1. Define ι :

Aut(Gn−1) → An−1 to be the homomorphism which sends an automor-

phism ϕ ∈ Aut(Gn−1) to the automorphism defined by

{x 7→ x, y1 7→ ϕ(y1), . . . , yn−1 7→ ϕ(yn−1)}.

Then the homomorphism ι is obviously an isomorphism. From now on

we will identify An−1 with Aut(Gn−1).

The group Aut+(Gn−1) is generated by the automorphisms λij and

νij for 1 ≤ i, j ≤ n − 1, i 6= j and we see that Aut+(Gn−1) ≤ Γ+(C2, π)

by Corollary 4.4. Let IA(Gn−1) denote the classical Torelli group of

Aut(Gn−1). By Theorem 3.2 the group IA(Gn−1) is generated by

konij : {yi 7→ yjyiy
−1
j } and κijk : {yi 7→ yiyjyky

−1
j y−1

k }.

By Lemma 4.11 we have IA(Gn−1) ≤ Kn.

85



Chapter 7. Further results

Proposition 7.1. Let n ≥ 3. Then the following diagram commutes

Kn
� � // Γ+(C2, π)

σ−1 // // GL(n− 1,Z)

IA(Gn−1)
� � //

?�

OO

Aut+(Gn−1)
ρ1 // //

?�

OO

SL(n− 1,Z).
?�

OO

Proof. It suffices to show that the right square in the diagram commutes.

We know from Chapter 3.1 that

ρ1(νij) = Eji and ρ1(λij) = Eji.

Furthermore we have by Proposition 4.5

σ−1(νij) = Eji and σ−1(λij)
L. 4.4
= σ−1(kon−1

ix ◦δj ◦ konix ◦δj ◦ νij)
= O−1

i · In−1 ·Oi · In−1 · Eji = Eji.

Since Aut+(Gn−1) is generated by νij and λij the Proposition follows.

The inclusion ι : IA(Gn−1) ↪→ Kn induces a homomorphism

ι : IA(Gn−1)
ab → Kab

n . (7.1)

We compute the images of the generators of IA(Gn−1)
ab under ι:

ι[konij] = [konij]
L. 6.8
= [αj],

ι[κijk] = [κijk]
L. 6.8
= 0.

Hence we proved the following proposition.

Proposition 7.2. Let n ≥ 3 and ι : IA(Gn−1)
ab → Kab

n be the map

defined in (7.1). Then we have

Im(ι) = An,

where An = 〈α1, . . . , αn−1〉 (see Chapter 6.2). In particular Im(ι) is

either isomorphic to (Z/2Z)n−1 or to 0.
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7.2 The relation between IA(Fn) and Kn

In this section we assume that n ≥ 2. Let Fn be the free group generated

by x, y1, . . . , yn−1 and Inn(Fn) be its group of inner automorphisms. For

each w ∈ Fn we have an induced inner automorphism i(w), where

i(w)(y) = wyw−1

for all y ∈ Fn. Since the center of Fn is trivial, the map i : Fn → Inn(Fn)

is an isomorphism, i.e.

Inn(Fn) ∼= Fn.

Hence we obtain the following generators for Inn(Fn).

Proposition 7.3. The group Inn(Fn) is generated by the inner automor-

phisms i(x), i(y1), . . . , i(yn−1).

Notice that for n = 2 we obtain

IA(F2) = Inn(F2) ∼= F2.

Hence IA(F2) is a free group on two generators.

Lemma 7.4. We have

Inn(Fn) ≤ IA(Fn).

Proof. We show that the generators of Inn(Fn) given by Proposition 7.3

are in IA(Fn):

i(x) = kon1x ◦ . . . ◦ konn−1,x ∈ IA(Fn)

i(yj) = kon1j ◦ . . . ◦ konj−1,j ◦
konj+1,j ◦ . . . ◦ konn−1,j ◦ konxj ∈ IA(Fn)

for 1 ≤ j ≤ n− 1.

Notice that by Lemma 4.3 we have

Inn(Fn) ≤ IA(Fn) ≤ Γ+(C2, π).

We are now going to analyze the representation σ−1 restricted to Inn(Fn).

Let us first consider the images of the generators of Inn(Fn) under σ−1.
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Lemma 7.5. We have

σ−1(i(x)) = −In−1 and σ−1(i(yj)) = In−1

for 1 ≤ j ≤ n − 1. In particular the image of Inn(Fn) under σ−1 is

isomorphic to C2.

Proof.

σ−1(i(x)) = σ−1(kon1x ◦ . . . ◦ konn−1,x)
L. 4.5
= O1 ·O2 · . . . ·On−1 = −In−1,

σ−1(i(yj)) = σ−1(kon1j ◦ . . . ◦ konj−1,j ◦
konj+1,j ◦ . . . ◦ konn−1,j ◦ konxj)

L. 4.11
= In−1.

If we identify Inn(Fn) with Fn itself and the image of Inn(Fn) under

σ−1 with C2 = 〈g | g2 = 1〉, we obtain by Lemma 7.5

σ−1 : Fn → C2.

This map is determined by

x 7→ g, y1 7→ 1, . . . yn−1 7→ 1.

If we compare this map with π : Fn → C2 defined in Chapter 4.2, we

see that they are identical. Thus we recover here the map π : Fn → C2,

which was the starting point of the whole. Recapitulatory we have the

following proposition.

Proposition 7.6. Let n ≥ 2. Then the following diagram commutes

1 // R //

i∼=
��

Fn
π //

i∼=
��

C2
// 1

1 // Inn(Fn) ∩Kn
// Inn(Fn)

σ−1 // C2
// 1.

Notice that, since R is a free group on 2n − 1 generators, the group

Inn(Fn) ∩Kn is also free on 2n− 1 generators.
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Corollary 7.7. Let n ≥ 2. The group IA(Fn)∩Kn contains a free group

on 2n − 1 generators. In fact for n = 2 the group IA(F2) ∩K2 is a free

group on three generators.

Proof. This follows immediately from the fact that

Inn(Fn) ≤ IA(Fn)

for all n ≥ 3 and

Inn(F2) = IA(F2).

Until here we considered the restriction of σ−1 to Inn(Fn) ≤ Γ+(C2, π).

We are now going to study the map σ−1 restricted to IA(Fn). Thus let

us first calculate the images of the generators of IA(Fn) under σ−1.

Lemma 7.8. Let n ≥ 2. We have

σ−1(κijk) = 1, σ−1(konij) = 1,

σ−1(κij) = 1, σ−1(konix) = Oi,

σ−1(konxi) = 1, σ−1(τij) = E−2
ji .

Proof. The automorphisms κijk, konij, κij and konxi are in the kernel of

σ−1 by Lemma 4.11 and Theorem 4.14. We know from Proposition 4.5

that σ−1(konix) = Oi. Hence it suffices to show that σ−1(τij) = E−2
ji :

σ−1(τij)
Cor. 4.4

= σ−1(kon−1
ix ◦νij ◦ konix ◦ν−1

ij )

L. 4.5
= Oi · Eji ·Oi · E−1

ji = E−2
ji .

It follows that the image of σ−1 restricted to IA(Fn) is generated by

E2
ij for 1 ≤ i, j ≤ n− 1 (i 6= j) and Oi for 1 ≤ i ≤ n− 1. By Proposition

5.3 this image equals

Γn−1(2) = {M ∈ GL(n− 1,Z) | M ≡ In−1 mod 2}.

Hence we obtain the following exact sequence

1→ IA(Fn) ∩Kn → IA(Fn)
σ−1−→ Γn−1(2)→ 1.
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Notice that for n = 2 this sequence coincides with the sequence given in

Proposition 7.6.

On the other hand we can restrict the map ρ1 : Aut(Fn)→ GL(n,Z)

to Kn ≤ Aut(Fn). Thus let us calculate the images of the generators of

Kn under ρ1.

Lemma 7.9. Let n ≥ 2. We have

ρ1(εi) = ρ1(δi) = Ei+1,1 and ρ1(ψ
2
i ) = E2

1,i+1

for 1 ≤ i ≤ n− 1.

Proof. This is clear by Chapter 3.1

It follows that the image of ρ1 restricted to Kn is generated by E2
1j

for 2 ≤ j ≤ n and Ei1 for 2 ≤ i ≤ n . By Proposition 5.5 this group

equals

Γ̃1
n(2) =

{
A ∈ SL(n,Z) | A ≡

(
1 0 . . . 0

∗ In−1

)
mod 2

}
.

Thus we obtain an exact sequence

1→ IA(Fn) ∩Kn → Kn
ρ1−→ Γ̃1

n(2)→ 1.
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Appendix

Aut<p,q,u>:=Group<p,q,u | p∧2,q∧2,(p*q)∧4,

u*q*u*q*u∧-1*q∧-1*u∧-1*q∧-1,(p*q*p*u)∧2,(u*p*q)∧3>;

K2:=sub<Aut | u , p*u∧2*p , p*u*q*u*p*q >;

H<a,b,c>:=Rewrite(Aut,K2);

Result:

> H;

Finitely presented group H on 3 generators

Generators as words in group Aut

a = p * u * p * u∧-1 * q * p

b = q * p * u * q * u∧-1 * p

c = p * u * q * u * p * q

Relations

c∧2 = Id(H)

a * c * a∧-1 * c = Id(H)

b∧2 * c * b∧-2 * c = Id(H)

c * a∧-1 * b * a * b * a * c * b∧-1 * a∧-1 * b∧-1 = Id(H)
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K2<a,b,c>:=Group<a,b,c | a∧2, b*a*b∧-1*a∧-1,

(c∧-1*a)∧2*(c*a)∧2,(c∧-1*b)∧2*(c*b∧-1)∧2>;

N2:=NilpotentQuotient(K2,2);

gamma12<a,b>:=CommutatorSubgroup(N2);

Result:

> gamma12;

GrpGPC : gamma12 of order 2∧2 on 2 PC-generators

PC-Relations:

a∧2 = Id(gamma12),

b∧2 = Id(gamma12)

Here is an alternative, which can also be used to compute higher

quotients:

K2<a,b,c>:=Group<a,b,c | a∧2, b*a*b∧-1*a∧-1,

(c∧-1*a)∧2*(c*a)∧2,(c∧-1*b)∧2*(c*b∧-1)∧2>;

N1,pi1:=NilpotentQuotient(K2,1);

N2,pi2:=NilpotentQuotient(K2,2);

f := hom< N2->N1 | [ pi2(g)->pi1(g) :

g in Generators(K2)]>;

Kernel(f);
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