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Abstract

The f -invariant is a higher version of the e-invariant that takes
values in the divided congruences between modular forms; it can be
formulated as an elliptic genus of manifolds with corners of codimen-
sion two.

In this thesis, we develop a geometrical interpretation of the f -
invariant in terms of index theory, thereby providing an analytical link
between the stable homotopy groups of the spheres and the arithmetic
of modular forms. In particular, we are able to establish a formula
that allows us to compute the f -invariant from a single face. Further-
more, we apply our results to the situation of cartesian products and
principal circle bundles, performing explicit calculations.
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Introduction

The computation of the stable homotopy groups of the sphere, which, by the
Pontrjagin-Thom construction, can be interpreted as the bordism groups of
framed manifolds, is one of the most fundamental problems in pure mathe-
matics, and the Adams-Novikov spectral sequence (ANSS) serves as a pow-
erful tool to attack this problem, see e.g. [Rav04]. In [Lau00], the ANSS
is interpreted in terms of manifolds with corners, their codimension corre-
sponding to the AN filtration degree; furthermore, an invariant for elements
of second AN filtration is proposed. As a follow-up to the degree and the
e-invariant, this so-called f -invariant arises as an elliptic genus of manifolds
with corners of codimension two and takes values in the divided congruences
between modular forms.

It is well-known that the classical genera of closed manifolds can be under-
stood in terms of index theory, and the seminal work of Atiyah, Patodi, and
Singer on index theory on manifolds with smooth boundary [APS75a] can be
used to relate the spectral asymmetry of Dirac operators to the e-invariant
[APS75b].

The purpose of this thesis is to show that these powerful ideas also enable
us to provide geometrical insight into the f -invariant. The outline is as
follows:

Section 1 consists of a brief recollection of the relevant background mate-
rial, namely tangential structures, 〈k〉-manifolds, characteristic forms, some
index theory results, and the Hirzebruch elliptic genus of level N , followed
by an (admittedly biased) exposition of the index theoretical aspects of the
e-invariant; lastly, we recall the definition of the f -invariant in terms of the
relative classes of a suitable 〈2〉-manifold.

In section 2, we set out to explore the geometry behind the occurrence
of the divided congruences in the definition of the f -invariant. A somewhat
surprising result is the following:

Theorem. Let X be a compact manifold of dimension 2n, and let E1, E2,
and F be hermitian vector bundles over X such that E1 ⊕ E2

∼= TXst, and
that there is a given trivialization ψ : E1|∂X

∼= ∂X×Ck. Then, for compatible
connections, the inhomogeneous combination of modular forms given by∫

X

Ẽll(∇E1)Ell0(∇E2)ch(∇F )

has an integral q-expansion.
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Having this result at our disposal, we write down a similar expression
on a (U, fr)2-manifold and determine which reductions have to be made in
order to retrieve the information that depends only on its corner; we call
the resulting geometrical invariant f̌ , and it will serve as a tool for an index
theoretical computation of the topological f -invariant later on.

Section 3 is devoted to establishing a method of calculating the f -invariant
in a more analytical fashion, based on f̌ . To this end, we are going to in-
troduce the notion of a (U, fr)2

f -manifold; roughly speaking, these manifolds
are families of (U, fr)-manifolds parameterized by (U, fr)-manifolds. This
construction enables us to reformulate the f -invariant in the following form:.

Theorem. Let Z be a (U, fr)2
f -manifold, and let ∇1 = π∗∇E and ∇2 be

compatible connections on E1 = π∗E and E2, respectively. Then the f -
invariant of its corner M is given by

f(M) ≡
∫

B

êΓẼll(∇E),

where we defined (a de Rham representative of ) the eΓ-invariant of a family:

êΓ ≡
∫

Z/B

Ell0(∇2) mod
(
im(ch : KΓ(B) → Heven(B,Q[ζ]))

)
dR
.

This result furnishes a close analogy to the e-invariant, and makes possible
the use of ‘classical’ techniques from index theory to compute the f -invariant
from a single face:

Corollary. Let Z be as above. Assume that the kernel of the twisted Dirac
family ðΓ

∂X is of constant rank along the fibers. Then the f -invariant of the
corner is given by∫

B

{(
η̂
(
ðΓ

∂X

)
+ 1

2
ch
(
∇ker ðΓ

∂X

)
+
∫

Z′′/B
cs
)
Ẽll(∇E)

}
.

Furthermore, we establish a vanishing result:

Theorem. Let M be the codimension-three corner of a (U, fr)3
f -manifold Y .

Then the f -invariant of M is trivial.

The following sections focus on sample calculations and further simpli-
fications: In section 4, we treat cartesian products, in which case we can
actually reduce the computations to the corner itself:
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Theorem. Let Y1, Y2 be odd-dimensional framed manifolds, and let m(Yi)
be any modular form of weight (dimYi + 1)/2 w.r.t. Γ = Γ1(N) such that
m(Yi) ≡ eC(Yi) mod ZΓ[[q]]. Then we have

f(Y1 × Y2) ≡ m(Y1)eC(Y2) ≡ −m(Y2)eC(Y1).

Thus, the f -invariant of a product is determined by the eC-invariants of
the factors, and the latter can be calculated by various means. We illustrate
this result by performing explicit calculations at the level N = 3, covering a
broad variety of products.

In section 5, we turn our attention to principal circle bundles, and our
index theoretical approach yields the following:

Corollary. Let L be a hermitian line with unitary connection ∇L over a
(U, fr)-manifold B of dimension 2n + 2, and let S(L)| be the framed circle
bundle over ∂B. Then we have

f(S(L)|) ≡
n∑

k=0

Bk+1

(k + 1)!

∫
B

{(
iFL

2π

)k

Ẽll(∇E)

}
.

As an application, we treat the case of principal torus bundles over a
framed base. In particular, we perform explicit calculations for the generic
situation up to (total) dimension 14, enabling us to determine the necessary
and sufficient conditions for non-triviality (at the level N = 3) in this range.

Finally, we decided to provide a rather extensive appendix: Besides some
useful formulæ, we remind the reader of the theory of modular forms of
level N , deriving explicit expressions for N = 3. Furthermore we expand the
Hirzebruch genus at this level, thereby correcting some errors in the appendix
of [HBJ92]. Moreover, we compile a list of the congruences relevant to the
computations carried out in the main part. For the sake of completeness, we
also included a derivation of the η̂-form in the situation of a principal circle
bundle (following [Zha94]).
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1 Preliminaries

1.1 Tangential structures

We start by reviewing some basic definitions appearing in bordism theories,
see e.g. [CF66], [Sto68]: Let X be a smooth compact manifold of dimension
n and consider ‘the’ stable tangent bundle

TXst = TX ⊕X × R2k−n, 2k ≥ n+ 2;

we suppress the dependence on k, as it does not matter for our purposes (as
long as 2k ≥ n + 2). A stably almost complex structure on X is a complex
structure on TXst, i.e. a linear bundle map J covering the identity and
squaring to minus the identity on the fiber. Thus, TXst may be identified
with a complex vector bundle E (of rank k); consequently, we can define
its Chern classes, and there is a preferred orientation on X. We denote
the underlying homotopy class of the stably almost complex structure by φ,
which we will refer to as a U-structure; phrased differently, a U -structure is
a lift (up to homotopy) of the classfying map of the tangent bundle:

BU

��
X

TXst
//

φ
77ooooooooooooo
BO

A pair (X,φ) is called a U-manifold; it will simply be denoted by X if
confusion is unlikely. Any U -structure admits a ‘negative’, −φ, and we set
−(X,φ) = (X,−φ); furthermore, U -structures are compatible w.r.t. taking
boundaries, i.e. ∂(X,φ) = (∂X, ∂φ). We define an equivalence relation called
U-bordism, X1 ∼U X2, if there is a U -manifold W such that ∂W ∼= X1t−X2.
Disjoint union and cartesian product turn the set of U -bordism classes into
a graded ring, the complex bordism ring ΩU

∗ .
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Similarly, a framing of X is trivialization of the stable tangent bundle,

ψ : TXst ∼= X × R2k;

thus, up to homotopy, we have a lift of the classifying map to EO:

EO

��
X

TXst
//

77ooooooooooooo
BO

A framed manifold is a manifold with a homotopy class of trivializations of
the stable tangent bundle. Take note that, by pulling back the canonical
complex structure on R2k, any framed manifold becomes a U -manifold.

Again, framings admit negatives, are compatible w.r.t. taking boundaries,
and we deem two framed manifolds to be equivalent, X1 ∼fr X2, if there is
a framed manifold W such that ∂W ∼= X1 t−X2; the resulting graded ring,
the framed bordism ring, will be denoted by Ωfr

∗ .
Let us sketch the relation to homotopy theory: We may embed the closed

framed manifold X into RN , for N sufficiently large; up to homotopy, the
framing is equivalent to a trivialization of the stable normal bundle νX,
i.e. we obtain a map

ϕ : νX → RN−n. (1)

The normal bundle may be identified with a tubular neighborhood of X, and
the map (1) extends to a map of spheres,

ϕ̄ : SN → SN−n,

by sending the complement of the tubular neighborhood to the point at
infinity; this is the so-called Pontrjagin-Thom construction. By Freudenthal’s
theorem, πn+kS

n is independent of n provided that n > k + 1; we call it the
kth stable homotopy group of the sphere (or the kth stable stem) and denote
it by πst

k . The Pontrjagin-Thom construction depends only on the framed
bordism class of X, and it is well-known that the map

Ωfr
k → πst

k , [X] 7→ [ϕ̄],

is an isomorphism.
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1.2 〈k〉-manifolds

Later on, we want to allow manifolds to have corners: Recall from [Jän68]
that we can define a smooth n-dimensional manifold Z with corners as being
differentiably modeled on the open sets of {x ∈ Rn|x1 ≥ 0, . . . , xn ≥ 0}. If
x ∈ Z is represented by (x1, . . . xn) in a local coordinate system, we denote
by c(x) the number of zeros in this n-tuple; this number is independent of
the choice of coordinate system. Note that x belongs to the closure of at
most c(x) different connectedness components of {p ∈ Z|c(p) = 1}. We call
Z a manifold with faces, if each x ∈ Z does belong to the closure of c(x)
different components of {p ∈ Z|c(p) = 1}. For a manifold with faces, the
closure of a connectedness component of {p ∈ Z|c(p) = 1} has the structure
of an (n − 1)-dimensional manifold with corners and is called a connected
face of Z; any union of pairwise disjoint connected faces is called a face of Z.

A 〈k〉-manifold is an n-dimensional manifold with faces Z together with
a k-tuple (∂1Z, . . . , ∂kZ) of faces such that

(i) ∂1Z ∪ · · · ∪ ∂kZ = ∂Z and

(ii) ∂iZ ∩ ∂jZ is a face of ∂iZ and of ∂jZ for i 6= j.

In particular, a 〈0〉-manifold is a manifold without boundary; in the situation
of a 〈1〉-manifold, we recover the usual concept of a manifold with boundary.

1.3 Connections, curvature, and Chern forms

For the most part, we are adopting the notational conventions of [BGV04]:
Let E be a complex vector bundle over a compact manifold X. We denote
the space of all (smooth) sections by Γ(X,E), or, if confusion is unlikely,
simply by Γ(E). A connection (or covariant derivative) on E is a differential
operator

∇ : Γ(E) → Γ(T ∗X ⊗ E)

satisfying the Leibniz rule; usually we restrict our attention to covariant
derivatives preserving a given hermitian metric on E, in which case we call the
connection unitary. A covariant derivative extends to E-valued differential
forms, which we denote by Ωi(X,E). The curvature of a covariant derivative
is the End(E)-valued two-form on X given by

F (u, v) = ∇u∇v −∇v∇u −∇[u,v],
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where u and v are vector fields on X. Of course, these defintions carry over
to the case of real vector bundles as well; in the situation of the Levi-Civita
connection, we will denote the so(TX)-valued Riemannian curvature form
by R.

These concepts may be generalized to Z/2-graded bundles E, which will
be referred to as superbundles; for such a superbundle, there is a total Z/2-
grading on the space of E-valued forms,

Ω± =
∑

Ω2i(X,E±)⊕
∑

Ω2i+1(X,E∓).

A superconnection on E is an odd-parity first-order differential operator A :
Ω± → Ω∓ satisfying the Leibniz rule in the Z/2-graded sense, and its action
extends naturally to Ω(X,End(E)). The curvature of a superconnection A is
the operator A2, which is given by the action of an End(E)-valued differential
form F of even total degree; it satisfies the Bianchi identity,

AF = 0.

Due to the supercommutativity of ΛT ∗X, we obtain a canonical bundle
map Str : ΛT ∗X ⊗ End(E) → ΛT ∗X; applied to sections, this yields the
so-called supertrace on End(E)-valued forms. Now, if A2 ∈ Ω+(X,End(E))
is the curvature of a superconnection, we may apply the supertrace to any
analytical function f of A2 to obtain an even differential form on X, the
Chern-Weil form of A corresponding to f ; it is closed due to the Bianchi
identity. Furthermore, the transgression formula,

d

dt
Str(f(A2

t )) = dStr

(
dAt

dt
f ′(A2

t )

)
,

applied to the family At = (1− t)A0 + tA1 = A0 + tω and integrated w.r.t. t,
yields the relation

Str(f(A2
1))− Str(f(A2

0)) = d

∫ 1

0

Str(ωf ′(A2
t ))dt. (2)

In particular, we may apply these constructions to an ordinary bundle with
connection, and, contrary to [BGV04], we normalize the characteristic forms
such that they represent rational characteristic classes. Thus, if E is a hermi-
tian vector bundle with unitary connection ∇E and curvature FE, we denote
the Chern character form by

ch
(
∇E
)

= tr exp

(
iFE

2π

)
,
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and the Todd genus form by

Td
(
∇E
)

= det

(
iF/2π

1− exp (−iF/2π)

)
= exp tr ln

(
iF/2π

1− exp (−iF/2π)

)
.

Similarly, for a real vector bundle with connection ∇ and curvature R we
denote the Â genus form by

Â(∇) = det1/2

(
R/4πi

sinh(R/4πi)

)
= exp 1

2
tr ln

(
R/4πi

sinh(R/4πi)

)
.

Obviously, a unitary connection∇E on a hermitian vector bundle E induces a
connection∇ER on the underlying real bundle and, via the trace, a connection
∇det E on the hermitian line detE = ΛmaxE, which enables us to express

Td
(
∇E
)

= Â
(
∇ER

)
exp tr

(
iFE

4π

)
.

Later on, it will be convenient to be able to change the connection on the
underlying real bundle; by means of the transgression formula (2), we can
construct a differential form cs (Td,∇0,∇1) satisfying

d cs (Td,∇0,∇1) =
{
Â(∇R

1 )− Â(∇R
0 )
}

exp tr

(
iFE

4π

)
, (3)

which we call the Chern-Simons form (associated to the Todd genus). This
construction extends to twisted versions of the Todd genus as well, and we
will often denote the corresponding forms simply by cs.

1.4 Some classical index theory

Recall that the Atiyah-Singer index theorem [AS68a] identifies the analytical
index of an elliptic (i.e. Fredholm) operator D on a closed oriented manifold
X with the topological index; more precisely, we obtain a map that sends the
class of the symbol of D - viewed as an element of the compactly supported
K-theory of the tangent bundle - to the formal difference of the kernel and
cokernel of D (an element in the K-theory of the point), and the numerical
value of the index can be computed using a simple formula by passing to
ordinary cohomology [AS68b].

An alternative route to obtaining the index formula makes use of the heat
kernel approach (our main reference is [BGV04]); its main advantage is the
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fact that it is local in the sense that it yields a differential form which is con-
structed canonically from the metrical connections on the bundles involved
and equates to the index upon integration. For our purposes, it will suffice to
restrict our attention to the index theory of twisted SpinC Dirac operators,
although the theorems stated below hold for more general Clifford modules.

We define the group SpinC(n) as (see e.g. [LM89])

SpinC(n) = Spin(n)×Z/2 U(1),

and a SpinC structure on an oriented Riemannian manifold X of dimension
n is a choice of a hermitian line L such that

w2(TX) ≡ c1(L) mod 2;

clearly, the existence of a SpinC structure is equivalent to the condition
βw2(TX) = 0, where β is the Bockstein.

A unitary connection ∇L on L, together with the Levi-Civita connection
∇LC on TX, determines a SpinC connection ∇; conversely, a SpinC connec-
tions projects (under the canonical twofold covering) to a connection on the
SO(n)× U(1) principal bundle and its associated vector bundles.

Take note that, for a hermitian line L with curvature FL, the character-
istic form given by

ch
(
∇L1/2

)
= exp

(
iFL

4π

)
is well-defined even if L does not admit a global square root.

Obviously, the complex representations of SpinC(n) are the same as those
of Spin(n), so we get an associated complex spinor bundle S over X; further-
more, if n is even, S is Z/2-graded by means of the chirality operator γ, which
is defined by Clifford multiplication with in/2e1 . . . en.

We define the SpinC Dirac operator by composing covariant differentia-
tion with Clifford multiplication:

ð =
∑

ei · ∇ei
: Γ(X,S) → Γ(X,S),

where the ei constitute a local orthonormal frame for TX.
Now let dimX = n be even; then ð anticommutes with γ, so we may

decompose it into

ð =

(
0 ð−

ð+ 0

)
,
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where ð± are the restrictions to sections of S±, and ð− is the adjoint of ð+,
due to the unitarity of ∇. We define the index of the SpinC Dirac operator
to be

Ind(ð) = dim ker ð+ − dim ker ð−.

Given a hermitian vector bundle E over X with unitary connection ∇E,
we may form the twisted SpinC Dirac operator,

ð⊗ E : Γ(X,S ⊗ E) → Γ(X,S ⊗ E),

by using the tensor product connection on S ⊗ E, and all of our discussion
above holds verbatim. Finally, we can state

Theorem 1.1 (Atiyah-Singer). Let X be a closed, oriented, even-dimensional
Riemannian manifold with SpinC structure defined by a hermitian line L and
let E be a hermitian vector bundle with unitary connection. Then the index
of the twisted SpinC Dirac operator is given by the formula

Ind(ð⊗ E) =

∫
X

Â(∇TX,LC)ch(∇L1/2

)ch(∇E).

Remark 1.2. If X is a U -manifold, we get a canonical SpinC structure by
setting L = ΛmaxTXst. Take note that in this situation

Â(∇TX,LC)ch(∇L1/2

) (4)

represents the Todd class, but we warn the reader that, unless X is Kähler,
the Levi-Civita connection will not be compatible with a complex structure
on TX. On the other hand, if X is spin, i.e. w2(TX) = 0, we may choose L to
be trivial, in which case we essentially recover the situation of ‘the’ Dirac op-
erator, usually denoted /D (the precise definition of /D, which would take into
account the choice of Spin structure and avoid additional complexification,
shall not be needed in this thesis).

Imposing global boundary conditions and requiring product type structures
near the boundary, Atiyah, Patodi, and Singer were able to generalize the
formula in Theorem 1.1 to the situation where X has smooth non-empty
boundary [APS75a]: Restriction to the boundary ∂X induces an operator

ð∂X ⊗ E : Γ
(
(S+ ⊗ E)|∂X

)
→ Γ

(
(S+ ⊗ E)|∂X

)
12



which is formally self-adjoint and elliptic; we may decompose the L2 comple-
tion of Γ((S+⊗E)|∂X) into eigenspaces, and, letting P≥0 denote the orthog-
onal projection onto the non-negative part, we define

Γ(S+ ⊗ E,P≥0) =
{
s ∈ Γ(S+ ⊗ E) | P≥0 (s|∂X) = 0

}
.

Then, according to [APS75a],

ð+ ⊗ E : Γ(S+ ⊗ E,P≥0) → Γ(S− ⊗ E) (5)

defines an elliptic problem with finite index. Defining the function

η(ð∂X ⊗ E, s) =
∑

λ∈spec\{0}

λ|λ|−s−1, Re(s) >> 1,

which extends meromorphically and is holomorphic at s = 0, we may state:

Theorem 1.3 (Atiyah-Patodi-Singer). Let E be a hermitian vector bundle
with unitary connection over an oriented, even-dimensional, compact Rie-
mannian manifold X with SpinC structure defined by a hermitian line L.
Assuming product type structures near the boundary ∂X, the index of the
twisted SpinC Dirac operator w.r.t. the condition (5) is given by the formula

IndAPS(ð⊗ E) =

∫
X

Â(∇TX,LC)ch(∇L1/2

)ch(∇E)− ξ(ð∂X ⊗ E),

where
ξ(ð∂X ⊗ E) = 1

2
η(ð∂X ⊗ E, 0) + 1

2
dim ker(ð∂X ⊗ E).

Next, we are interested in generalizations of the results above to the case
of families: Let π : Z → B be a submersion that defines a fiber bundle with
typical fiber X and let the vertical tangent bundle T (Z/B) be equipped with
a metric gT (Z/B); furthermore, we make a choice of splitting

TZ ∼= T (Z/B)⊕ π∗TB.

Using an auxiliary metric on TB, we form the metric

g = gT (Z/B) ⊕ π∗gTB; (6)

let ∇TZ be its Levi-Civita connection, and let P : TZ → T (Z/B) denote the
orthogonal projection; by setting

∇T (Z/B) = P ◦ ∇TZ ◦ P, (7)
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we obtain a connection ∇T (Z/B) on T (Z/B); in particular, it does not depend
on the metric gTB and restricts to the Levi-Civita connection on each fiber.
Take note that the connection on TZ given by

∇⊕ = ∇T (Z/B) ⊕ π∗∇TB

preserves the metric (6), but it is not torsion-free. We define the curvature
of the fibration

T (u, v) = −P [u, v],

where u and v are horizontal vectors.
Fixing a SpinC structure on the vertical tangent, we may form the as-

sociated complex spinor bundle S; given a hermitian vector bundle E over
Z with unitary connection ∇E, we get a family of twisted Dirac operators
{ðb ⊗ E}b∈B, where

ðb ⊗ E : Γ ((S ⊗ E)|π−1b) → Γ ((S ⊗ E)|π−1b) . (8)

Let us briefly comment on the situation where the fiberX is even-dimensional
and closed [AS71]: If we assume that the kernel and cokernel of ð+⊗E form
vector bundles over B, we can define the index bundle as the formal difference
class,

Ind(ð⊗ E) =
[
ker
(
ð+ ⊗ E

)
	 ker

(
ð− ⊗ E

)]
∈ K(B). (9)

The caveat is that, generically, the kernels do not form vector bundles. How-
ever, this situation may be remedied by modifying the family of operators
using a compact perturbation; as such a perturbation does not affect the
index, we obtain a well-defined K-theory class, which, by abuse of notation,
will still be denoted as in (9). Furthermore, the K-theoretical construction
of the index map generalizes to the families situation, and, upon applying
the Chern character, one obtains the following formula in H∗(B,Q) [AS71]:

ch(Ind(ð⊗ E)) = π∗[Â(T (Z/B)) exp(1
2
c1(L))ch(E)]. (10)

There is a heat kernel proof of this result, due to Bismut [Bis85], which we
shall omit; however, it introduces a concept that will be needed later on:
Given a family of twisted Dirac operators D constructed in the situation of
a closed (but not necessarily even-dimensional) typical fiber, we define the
Bismut superconnection to be

At =
√
tD + ∇̃ − c(T )

4
√
t
, (11)
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where ∇̃ is the natural lift of ∇ to the infinite dimensional bundle of sections
of the vertical spinor bundle and c(T ) denotes Clifford multiplication with
the curvature of the fibration; we refer the reader to [Bis85], [BGV04] for
further details.

With this in mind, let us consider the family (8) in the situation of an
even-dimensional typical fiber X with smooth, non-empty boundary, where
gT (Z/B) is assumed to be of product type near the boundary. Then the
induced family of Dirac operators on the boundary gives rise to an associated
Bismut superconnection At, and, if the kernel of D forms a vector bundle
over B, then the following differential form,

η̃ =
1√
π

∫ ∞

0

Trev

[
dAt

dt
exp(−A2

t )

]
dt,

where Trev denotes the even form part of the trace, is well-defined, see
e.g. [BGV04]. This defines an even form on B, and its rescaled version

η̂|deg 2k = (2πi)−kη̃|deg 2k,

will be referred to as the η̂-form.
Finally, a generalization of Theorem 1.3 to the situation of families, which

is due to Bismut and Cheeger [BC90a], [BC90b], [BC91], reads:

Theorem 1.4 (Bismut-Cheeger). Let Z → B be a fiber bundle, the even-
dimensional typical fiber X having smooth, non-empty boundary, and let ð⊗E
be a twisted Dirac family constructed using a metric that is of product type
near the boundary. If the kernel of the twisted Dirac operator induced on
the fiberwise boundary is of constant rank, then the index bundle w.r.t. the
APS boundary condition is well-defined; furthermore, a representative in co-
homology of the Chern character of the index bundle is given by the following
smooth differential form on B:∫

Z/B

{
Â(∇T (Z/B))ch(∇L1/2

)ch(∇E)
}
− η̂(ð∂ ⊗ E)− 1

2
ch
(
∇ker(ð∂⊗E)

)
.

1.5 Hirzebruch elliptic genera

Let us recall the definition of the Hirzebruch elliptic genus of level N associ-
ated to the congruence subgroup Γ = Γ1(N) [HBJ92]: For fixed N > 1, let ζ
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be a primitive N th root of unity and let q = exp(2πiτ), τ ∈ h. We consider
the function

EllΓ(x) =
x

1− e−x

1− ζe−x

1− ζ

∞∏
n=1

(1− qn)2

(1− qnex)(1− qne−x)

1− qnex/ζ

1− qn/ζ

1− ζqne−x

1− ζqn

as a power series in the indeterminate x of degree two. Making use of stan-
dard results on elliptic functions, it can be shown that the coefficient of xm

is a modular form of weight m w.r.t. Γ (confer e.g. [HBJ92]); an alternative
route is to rewrite the power series such that modularity becomes manifest,
see appendix C.

For a hermitian vector bundle E with unitary connection ∇E, we define
the elliptic genus form to be

EllΓ
(
∇E
)

= exp tr

(
lnEllΓ

(
iFE

2π

))
. (12)

If we introduce the power operations with respect to a formal parameter t,

St(V ) =
⊕
k≥0

tkSk(V ), Λt(V ) =
⊕
k≥0

tkΛk(V ),

which extend to K-theory classes in the obvious way [Ati89], we see that the
underlying cohomology class of (12) is given by

EllΓ(E) = χ−ζ(E)ch

(
∞⊗

n=1

Sqn(E ⊗ C)⊗ Λ−qn/ζE ⊗ Λ−ζqnE∗

)
, (13)

where the bar denotes virtual reduction of the complex bundles involved, and
χy is the stable χy-genus, i.e.

χy(E) = (1 + y)−rkEχy(E) = (1 + y)−rkETd(E)ch(ΛyE
∗).

We have the following well-known result:

Proposition 1.5. Let X be a closed U-manifold. Then the elliptic genus of
X has an integral q-expansion, i.e.

〈EllΓ(TX), [X]〉 ∈ Z[ζ, 1/N ][[q]].
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Proof. Multiplying the LHS by (1 − ζ)rk(TXst), expanding the formal power
series, and grouping powers of ζ, we see that, by Theorem 1.1, every coeffi-
cient admits an interpretation as the index of a suitably twisted SpinC Dirac
operator. Since (1− ζ)−1 ∈ Z[ζ, 1/N ], the claim is proven.

For convenience, we are going to delete the fixed group Γ from the nota-
tion (after all, we suppressed the dependence on ζ from the very beginning);
furthermore, we introduce the abbreviations

Ell0 = Ell|q=0, Ẽll = Ell − Ell0.

1.6 The e-invariant

The original formulation of the e-invariant, e : πst
2k+1 → Q/Z, is due to

Adams [Ada66]; for our purposes however, it will be more convenient to use
the cobordism description given by Conner and Floyd [CF66]:

Definition 1. A (U, fr)-manifold is a compact U -manifold X with smooth
boundary and a trivialization of E ∼= TXst over the boundary, i.e. a bundle
map

ψ : E|∂X
∼= ∂X × Ck.

In particular, ψ provides a framing for ∂X; using the relative characteris-
tic classes of the complex vector bundle E ∼= TXst, the complex e-invariant
of the framed bordism class of ∂X is defined to be

eC(∂X) ≡ 〈Td(E), [X, ∂X]〉 mod Z. (14)

As mentioned in the introduction, the e-invariant admits an interpretation
in terms of index theory, and it can be related to (and computed from) the
spectral asymmetry encoded into η(ð) [APS75b]; we begin by rephrasing the
RHS of (14): The framing induces a hermitian metric on E|∂X ; we extend
it to E such that it is of product type near the boundary. Furthermore, we
endow E with a unitary connection ∇E that restricts to the canonical flat
connection specified by the trivialization, i.e. the one w.r.t. which the frame
is parallel; this enables us to rewrite 〈Td(E), [X, ∂X]〉 =

∫
X
Td(∇E).

Now we can show that eC is well-defined: Let X ′ be another (U, fr)-
manifold having the same framed boundary, i.e. ∂X ′ ∼= ∂X, and let W be
the closed U -manifold obtained by gluing X and −X ′ along the boundary.
Then, by the linearity of the integral, the relative Todd genera of X and X ′
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differ by the Todd genus of W , which is an integer by Theorem 1.1. Noting
that the integrand is trivial on any framed bordismW ′ shows that eC depends
only on the framed bordism class of ∂X.

In order to compute the eC-invariant analytically, we consider the canon-
ical SpinC Dirac operator on the (U, fr)-manifold X and apply Theorem
1.3, ∫

X

Td
(
∇TX,LC

)
≡ ξ (ð∂X) mod Z,

where we used Td(∇TX,LC) as the shorthand notation for (4), i.e. the local
index form associated to the SpinC Dirac operator built from the Levi-Civita
connection ∇LC on TX and the connection on detE (induced by ∇E). This
implies

eC(∂X) ≡ ξ (ð∂X) +

∫
X

{
Td
(
∇E
)
− Td

(
∇TX,LC

)}
mod Z,

but with the help of (3) and Stokes’ theorem, the integral can be reduced to
an integral over ∂X. Thus, the e-invariant is computable from geometrical
data on M = ∂X itself:

eC (M) ≡ ξ (ðM) +

∫
M

cs mod Z. (15)

Remark 1.6. In [APS75b], Atiyah, Patodi, and Singer actually treat the real
e-invariant, eR : πst

4k−1 → Q/Z: Since MSpin4k−1 = 0, the framed manifold
M is the boundary of a Spin-manifold N . Considering the Dirac operator /D,
the quaternionic structure of the spinors in dimensions 4k, 4k − 1, for 2 - k
implies that the kernels are even-dimensional, so one obtains the refined
result

ε(k)

{∫
M

cs+ ξ(/DM)

}
≡ ε(k)〈Â(TN), [N,M ]〉 ≡ eR(M) mod Z,

where ε(k) = 1 if 2|k and 1/2 otherwise. We would like to point out that
we have MSU4k−1 = 0 as well [CF66]; furthermore, the first Chern class of
an SU -manifold is trivial, in which case the Todd genus coincides with Â,
showing that eR/ε ≡ eC mod Z.

Admittedly, the formula (15) seems of little practical use, as one rarely
is in the situation to compute the spectrum of ð explicitly. There are, how-
ever, some notable exceptions: In particular, the analytical computation of
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the (real) e-invariant for nilmanifolds covered by Heisenberg groups has been
carried out by Deninger and Singhof, thus exhibiting a family representing
(twice) the generator of Im(J) in dimension 8k + 3 (8k + 7) [DS84]. On
the other hand, index theory considerations yield a vanishing theorem for
compact Lie groups of higher rank [AS74]; strictly speaking, this result is for-
mulated for eR and holds under the additional assumption of semi-simplicity.
The vanishing of the complex e-invariant for higher rank Lie groups (not
necessarily semi-simple) can also be deduced from the algebraic-topological
results of [Kna78], see [Lau00] for a geometrical interpretation.

1.7 The topological f-invariant

Recall that the Adams-Novikov spectral sequence gives rise to a filtration
of the stable stems. Geometrically, the AN filtration can be understood
in terms of manifolds with corners [Lau00]: A framed manifold is in kth

filtration if it occurs as the codimension-k corner of a so-called (U, fr)k-
manifold; in particular, we already defined the eC-invariant for boundaries of
(U, fr)-manifolds, i.e. for manifolds in first filtration.

Definition 2. A (U, fr)2-manifold is a compact 〈2〉-manifold Z together
with two complex vector bundles E1, E2, with trivializations over the faces
∂1Z, ∂2Z, respectively, i.e. a choice of bundle maps ψi : Ei|∂iZ

∼= ∂iZ × Cki ,
and an isomorphism TZst ∼= E1 ⊕ E2 (in the stable sense).

Fixing Γ = Γ1(N), we set ZΓ = Z[ζ, 1/N ] and denote by MΓ
∗ the graded

ring of modular forms w.r.t. Γ which expand integrally, i.e. which lie in ZΓ[[q]].
We define the ring of divided congruences DΓ to consist of those rational
combinations of modular forms which expand integrally; this ring can be
filtered by setting

DΓ
k =

{
f =

k∑
i=0

fi

∣∣∣∣∣ fi ∈MΓ
i ⊗Q, f ∈ ZΓ[[q]]

}
.

Finally, we introduce DΓ

k
= DΓ

k +MΓ
0 ⊗Q +MΓ

k ⊗Q.

Let M2n be the codimension-two corner of a (U, fr)2-manifold Z. Using
the relative Chern classes of the split tangent bundle, the f -invariant of the
framed bordism class of M is defined to be

f(M) ≡ 〈(Ell(E1)− 1)(Ell0(E2)− 1), [Z, ∂Z]〉 mod DΓ

n+1
, (16)
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hence f takes values in DΓ

n+1
⊗Q/Z. We refer to [Lau99] and [Lau00] for de-

tails concerning the homotopy theoretical construction and its interpretation
as a genus arising from an (MU 〈2〉-) orientation of a suitable 〈2〉-spectrum
E; what we are aiming at in this thesis, however, is to provide a geometrical
interpretation of (16), in a fashion similar to the last section.

2 The geometrical f̌-invariant

2.1 Divided congruences from trivialized vector bun-
dles

Recall from [APS75b] that the spectral information encoded in ξ can be
used to formulate an invariant for flat vector bundles: Let M be a closed
U -manifold of odd dimension and let E be a hermitian vector bundle with
flat unitary connection ∇E; then the expression

ξ̃
(
∇E
)
≡ ξ(ð⊗ E)− rk(E)ξ(ð) mod Z, (17)

where ð denotes the canonical SpinC Dirac operator on M , is independent
of the metric, hence an R/Z-valued invariant of the flat bundle E. This can
be seen as follows: Since ΩU

odd(BU) = 0, we can find a U -manifold X with
boundary M and a vector bundle Ê over X (not necessarily flat) that extends
E; then Theorem 1.3 yields

ξ̃
(
∇E
)
≡
∫

X

{
ch
(
∇Ê
)
− rkÊ

}
Td(∇TX) mod Z, (18)

which is the mod Z reduction of the evaluation of a real relative cohomology
class and easily seen to be independent of all choices. Obviously, this invari-
ance property persists if we couple E to twisted versions of ð, i.e. we may
consider

ξ̃
(
∇E
)
⊗ F ≡ ξ(ð⊗ F ⊗ E)− rk(E)ξ(ð⊗ F ) mod Z,

for some hermitian vector bundle F with unitary connection. Take note
that even if E is trivial, the invariant can be non-zero; however, a choice
of trivialization induces a canonical flat connection ∇p.g., namely the one
with respect to which the global section trivializing the principal U -bundle is
parallel (strictly speaking, this yields is a connection on the principal bundle,
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but since it canonically induces connections on any associated vector bundle,
we do not bother to distinguish). In physics terminology, this is a so-called
globally pure gauge connection, and it has vanishing holonomy along all closed
paths in M .

Lemma 2.1. Let E be a trivialized hermitian vector bundle over an odd-
dimensional closed U-manifold M , and let ∇p.g. be the unitary connection
preserving the trivialization. Then we have

ξ̃ (∇p.g.) ≡ 0 mod Z;

this remains true if we twist the SpinC Dirac operator with an auxiliary
hermitian vector bundle F with unitary connection.

Proof. Since we do not need the full generality of [APS75b, Theorem 3.3],
we may argue as follows: Clearly, we have

−ξ(ðM) ≡ ξ(ð−M) mod Z,

so we can interpret each summand of (17) separately in terms of index theory
on manifolds X, X ′ with opposite boundary; in particular, we may represent
(17) by ∫

X

Td(∇TX)ch(∇Ê) +

∫
X′
Td(∇TX′

) rkE.

Furthermore, using the trivialization of E, Ê and the trivial bundle rkE
patch together to form a hermitian bundle over the closed U -manifold X∪X ′;
by Theorem 1.1, the sum of the integrals yields an integer. For the twisted
case, we notice that F also extends to X and X ′ (since ΩU

odd(BU ×BU) = 0)
and that the multiplication of the integrands by ch(∇F ) does not change the
validity of our argument above.

This result might seem a little bit dull, but it enables us to establish a
surprising relation between trivialized vector bundles and divided congru-
ences:

Theorem 2.2. Let X be a compact manifold of dimension 2n, and let E1,
E2, and F be hermitian vector bundles over X such that E1 ⊕ E2

∼= TXst,
and that there is a given trivialization ψ : E1|∂X

∼= ∂X × Ck. Equip E1 with
any unitary connection ∇E1 that restricts to the pure gauge connection on
the boundary. Then, for arbitrary unitary connections ∇E2 and ∇F ,∫

X

Ẽll(∇E1)Ell0(∇E2)ch(∇F ) ∈ DΓ
n.
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Proof. By the multiplicativity of Ell0, the integrand may be rewritten as

Ell0(∇1 ⊕∇2)ch

{(
∞⊗

n=1

SqnE1 ⊗ C⊗ Λ−qn/ζE1 ⊗ Λ−ζqnE∗
1

)
− 1

}
ch(∇F ),

where we dropped the symbol ∇ inside the curly brackets in favor of nota-
tional simplicity. Furthermore, Ell0 itself is a twisted version of the Todd
genus, so

Ell0(∇1 ⊕∇2) = (1− ζ)−rk(E1⊕E2)Td(∇1 ⊕∇2)ch
(
∇Λ−ζ(E1⊕E2)∗

)
,

but Td(∇1 ⊕ ∇2) agrees with Td(∇TX) up to the differential of a Chern-
Simons term; the latter does not contribute to the integral, since it gets mul-
tiplied by a relative characteristic form vanishing on ∂X. Then we observe
that the formal vector bundle inside the curly brackets expands such that
each summand contains at least one factor that is a virtually reduced bundle,
so we may apply Theorem 1.3 and Lemma 2.1 to establish integrality. On the
other hand, the integral takes values in inhomogeneous modular forms, due
to the factor Ẽll(∇1); in fact, we may decompose the latter into the differ-
ence of Ell(∇1)−1 and Ell0(∇1)−1, which, due to the pure gauge condition,
represent classes in

⊕
k

(
H2k(X, ∂X; Q)⊗MΓ

k

)
and Heven(X, ∂X; Q[ζ]), re-

spectively.

Example 2.3. We may consider the following special case: If X is a (U, fr)-
manifold of dimension 2n, we may choose E1

∼= TXst, E2 = 0 and F = 1.
Then we see that the a priori rational modular form of weight n given by the
elliptic genus of X actually admits an integral q-expansion once we remove
its constant term:∫

X

Ell(∇E1)−
∫

X

Ell0(∇E1) =

∫
X

Ẽll(∇E1) ∈ DΓ
n.

Remark 2.4. The preceding example seems to be well-known; for instance,
it may also be deduced from the results of [Lau99], albeit with consider-
ably more effort, at least compared to the simple geometrical statement of
Theorem 2.2.

2.2 Construction of f̌

Having established an integrality result which may serve as a substitute for
the Atiyah-Singer index theorem, we may now leave the realm of manifolds
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with smooth boundary and turn our attention to manifolds with corners
of codimension two. In the following, we consider (U, fr)2-manifolds Z of
(positive) even dimension. We also want additional geometrical structures:
From now on, we endow all our bundles with hermitian metrics and unitary
connections which are of product type near the respective faces; furthermore,
we want these connections to preserve the respective trivializations on the
faces, i.e. we require that they restrict to the pure gauge ones. Let us call
these connections compatible.

Definition 3. For a (U, fr)2-manifold Z of real dimension 2n + 2 and any
compatible connections ∇i on the Ei, we set

F̌ (Z,∇1,∇2) =

∫
Z

Ẽll(∇1)Ell0(∇2) ∈
n+1⊕
k=0

MΓ
k ⊗ R.

If we allow (U, fr)2-manifolds with empty corner, we obtain the following
integrality results for F̌ :

Proposition 2.5. Let E1 and E2 be hermitian vector bundles over a closed
manifold X of dimension 2n + 2 such that E1 ⊕ E2

∼= TXst (in the stable
sense). For any unitary connections ∇i we have

F̌ (X,∇1,∇2) ≡ 0 mod DΓ
n+1.

Proof. Integrality is established by either making use of Theorem 1.1, or by
applying Theorem 2.2 to the situation of ∂Z = ∅.

Proposition 2.6. Let X be a compact manifold of dimension 2n+2 and let
E and F be hermitian vector bundles over X such that E ⊕ F ∼= TXst (in
the stable sense) and that there is a given trivialization ψ : F |∂X

∼= ∂X×Ck.
Regard X as a (U, fr)2-manifold with empty corner, and choose any unitary
connection ∇F that restricts to the pure gauge one on the boundary. Then
we have:

(i) F̌ (X,∇F ,∇E) ≡ 0 mod DΓ
n+1.

(ii) F̌ (X,∇E,∇F ) ≡ 0 mod DΓ
n+1 +MΓ

0 ⊗ R +MΓ
n+1 ⊗ R.

Proof. The first statement is clear by Theorem 2.2. For the second statement,
we make use of the identity

Ẽll(∇1)Ell0(∇2) = Ẽll(∇⊕)− Ẽll(∇1)Ẽll(∇2)− Ẽll(∇2)Ell0(∇1), (19)
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where ∇⊕ = ∇1 ⊕ ∇2. Thus, up to modular terms of top and zero weight,
i.e. up to

∫
Ẽll(∇⊕), we can express F̌ (X,∇E,∇F ) in terms to which Theo-

rem 2.2 applies.

Furthermore, we have a stability result concerning the splitting, namely:

Proposition 2.7. Let (Z,E1, E2) be a (U, fr)2-manifold of dimension 2n+2.
Suppose that we have a different splitting of the tangent bundle of the same
manifold, TZ ∼= E ′

1 ⊕ E ′
2, such that E1|∂Z = E ′

1|∂Z ⊕ F |∂Z, where F is
trivialized over all of ∂Z, and let ∇0 be any unitary connection on F that
restricts to the pure gauge one on both faces. Then we have

F̌ (Z,∇′
1 ⊕∇0,∇2) ≡ F̌ (Z,∇′

1,∇0 ⊕∇2) mod DΓ
n+1.

Proof. From (19) we deduce

Ẽll (∇′
1 ⊕∇0)− Ẽll (∇′

1)Ell0 (∇0) = Ell (∇′
1) Ẽll (∇0) ;

then we multiply by Ell0(∇2), integrate, and apply Theorem 2.2 making use
of the fact that, since the integrand vanishes near the corner, the integral
over Z will yield the same result as the integral over a manifold Zs obtained
from smoothing the corner.

The preceding results suggest the following:

Definition 4. Let M be a closed manifold of positive even dimension 2n,
which is the corner of a (U, fr)2-manifold Z, and therefore inherits a splitting
of its framing. Then, using compatible connections, we set

f̌(M,∇1|M ,∇2|M) ≡ F̌ (Z,∇1,∇2) mod DΓ
n+1 +MΓ

0 ⊗R+MΓ
n+1⊗R. (20)

We call f̌ the geometrical f-invariant. In fact, this is well-defined.

Proof. First of all, two (U, fr)2-manifolds Z1, Z2, having in common one face
(and therefore having the same corner), in the sense that, say, ∂1Z1

∼= ∂1Z2

together with identifications of the respective Ei thereon, give rise to congru-
ent f̌ -invariants, for we may glue −Z1 and Z2 along this face. By assumption,
the metric and connections near the boundary are of product type, so ev-
erything fits together to yield a manifold Y with smooth boundary to which
we may apply Proposition 2.6. Similarly, any other manifold Z3 coinciding
with Z2 on the other face will have the same f̌ as well. Finally, given Z1
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and Z3 having in common the corner M (together with an identification of
the trivialized vector bundles Ei| thereon), there always exists a suitable
(U, fr)2-manifold Z2: The faces ∂1Z3 and ∂2Z1 fit together along M to form
a topological U -manifold N of odd dimension; furthermore the restrictions of
the vector bundles (and the connections thereon) fit together to form vector
bundles Ẽi. Since ΩU

odd(BU) = 0, there exists a U -manifold P such that
∂P ∼= N , and a complex vector bundle F1 over P extending Ẽ1. Specifying a
vector bundle representative of the K-theory class [TP st 	 F1], P is turned
into the desired (U, fr)2-manifold Z2.

Thus, we have succeeded in constructing a geometrical invariant of the
corner of a (U, fr)2-manifold; furthermore, f̌ bears a striking resemblance to
the topological f -invariant, and, in fact, the former will serve as a tool for
the index theoretical computation of the latter in the following section.

3 Calculability

It is a natural question to ask whether the (geometrical) f -invariant is com-
putable using index theory. In order to establish a formula that is similar to
(15), we have to address the following problems:

(i) Analysis: A good starting point would be an index theorem on man-
ifolds with corners of codimension two - alas, there are no theorems
comparable to the generality of [APS75a]; however, we would like to
mention [Mül96], where an index formula is proved under the assump-
tion that the induced Dirac operators are invertible. The results of
[HMM97] show that, without this assumption, it is still possible to ob-
tain an ‘index formula’, but the latter holds only modulo the integers.

(ii) Modularity: We want our formula to yield a result that is still rec-
ognizable as a combination of modular forms, but this property would
inadvertently be spoiled by reducing modulo the index (which takes val-
ues in ZΓ[[q]]); furthermore, working one operator at a time, we obtain
just a finite amount of coefficients of a q-expansion. Unfortunately, it is
unclear under which conditions a finite amount of reduced coefficients
can be lifted to an inhomogeneous combination of modular forms, and
this task is complicated by the fact that f̌ is defined only up to real
modular forms of top degree.
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(iii) Geometry: Lastly, we have to keep in mind that the definition of the
f -invariant makes use of a (U, fr)2-manifold, the construction of which
is also a non-trivial task.

Our approach is to simplify matters by making some assumptions on the
underlying geometry, i.e. we seek out (U, fr)2-manifolds that are sufficiently
‘nice’, in the sense that they allow the problems (i) and (ii) to be resolved.

3.1 Corners via fiber bundles

As a first step, we restrict our attention to manifolds of the following form:

Definition 5. We define a 〈2〉f -manifold to be a compact 〈2〉-manifold that
is a fiber bundle

π : Z −→ B,

where both the fiber X and the base B are even-dimensional compact 〈1〉-
manifolds, and the faces are given by

Z ′ = ∂1Z, X → Z ′ → ∂B,

Z ′′ = ∂2Z, ∂X → Z ′′ → B,

which are fiber bundles themselves.

Expecting such manifolds to be accessible to index theory considerations,
we proceed along the lines of section 1.4, i.e. we introduce metrics gT (Z/B) and
gTB (which are assumed to be of product type near the respective faces), make
a choice of splitting TZ ∼= T (Z/B) ⊕ π∗TB, and construct the connection
∇⊕ = ∇T (Z/B) ⊕ π∗∇TB.

As a model situation, we consider Z to be equipped with fixed Spin
structures on the bundles; these induce natural orientations, and we may
compute the integral of the Â genus form using integration over the fiber:∫

Z

Â(∇⊕) =

∫
Z

Â(π∗∇TB)Â(∇T (Z/B)) =

∫
B

{
Â(∇TB)

∫
Z/B

Â(∇T (Z/B))

}
.

For simplicity, we assume the Dirac operator of the boundary family to be
invertible; thus, the application of Theorem 1.4 yields∫

Z/B

Â(∇T (Z/B)) = (ch(Ind))dR + η̂,
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where the subscript indicates that we are dealing with a de Rham representa-
tive of the Chern character of the index bundle. Let us choose a virtual vector
bundle E with unitary connection ∇E, such that [E] = [E1 	 E2] = [Ind];
then we may write (ch(Ind))dR = ch(∇E) + dω, for some ω ∈ Ωodd(B), i.e.∫

Z

Â(∇⊕) =

∫
B

{
Â(∇TB)

(
ch(∇E) + dω + η̂

)}
;

finally, we apply Theorem 1.3 to the first summand and Stokes’ theorem to
the second and obtain:∫

Z

Â(∇⊕) = Ind(/D ⊗ E) +

{
ξ(/D∂B ⊗ E) +

∫
∂B

ωÂ(∇TB)

}
+

∫
B

η̂Â(∇TB).

Thus, we have an interpretation of the integral of the Â genus form in terms of
an index and contributions from each of the two faces; the caveat is that this is
just a formal result, in the sense that we had to introduce the form ω to store
information we usually do not have access to. Rest assured however, that
this information will not be needed for the computation of the f -invariant.

3.2 Application to the f̌-invariant

Let us extend the construction of the previous section to incorporate complex
structures by making the following

Definition 6. A (U, fr)2
f -manifold consists of

• a 〈2〉f -manifold Z,

• a vector bundle E over B that turns B into a (U, fr)-manifold,

• a complex vector bundle E2 stably isomorphic to T (Z/B)st

• a trivialization of the restriction of E2 to the face Z ′′ → B,

• and an isomorphism E2 ⊕ π∗E ∼= TZst (in the stable sense).

Again, we equip the complex bundles with hermitian metrics that re-
strict to the ones induced by the trivializations, and call unitary connections
thereon compatible, if they restrict to the pure gauge ones. Then we have:
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Theorem 3.1. Let Z be a (U, fr)2
f -manifold of dimension 2n + 2, and let

∇1 = π∗∇E and ∇2 be compatible connections on E1 = π∗E and E2, respec-
tively. Then the f̌ -invariant of its corner M is given by

f̌(M,π∗∇E|M ,∇2|M) ≡
∫

B

êΓẼll(∇E),

where we defined (a de Rham representative of ) the eΓ-invariant of a family:

êΓ ≡
∫

Z/B

Ell0(∇2) mod
(
im(ch : K(B)⊗ ZΓ → Heven(B,Q[ζ]))

)
dR
.

Proof. First of all, we notice that T (Z/B) inherits a natural orientation from
E2, so we may integrate over the fiber,∫

Z

Ell0 (∇2) Ẽll
(
π∗∇E

)
=

∫
B

{
Ẽll
(
∇E
) ∫

Z/B

Ell0 (∇2)

}
.

Then we observe that, by Theorem 2.2,
∫

B
ch(∇F )Ẽll(∇E) yields a divided

congruence for arbitrary hermitian vector bundles F with unitary connection;
finally, for arbitrary ω ∈ Ωodd (B), we have∫

B

dωẼll(∇E) =

∫
∂B

ωẼll(∇E) = 0

by Stokes’ theorem and the flatness of ∇E restricted to the boundary.

Remark 3.2. The rationale behind the definition of êΓ is to exhibit an anal-
ogy as close as possible to the e-invariant, thus paving the way for Corollary
3.3. However, the results of [BS07]1 (which I was unaware of until recently)
show that one can actually define an e-invariant of a family of framed mani-
folds in terms of smooth K-theory.

Take note that E2 also induces a canonical SpinC structure on the vertical
tangent. Thus, given a metric and connection on T (Z/B) (which we assume
to be of product type near the face Z ′′), we can construct a family of Dirac
operators coupled to the formal vector bundle (1 − ζ)−rkE2Λ−ζE

∗
2 ; let us

denote this family by ðΓ.

1Thanks to U. Bunke for pointing out this reference
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Corollary 3.3. Let Z be as in Theorem 3.1, and let ðΓ be constructed as
above. If the kernel of ðΓ

∂X is of constant rank along the fibers, then the
f̌ -invariant of the corner M is given by∫

B

{(
η̂
(
ðΓ

∂X

)
+ 1

2
ch
(
∇ker ðΓ

∂X

)
+
∫

Z′′/B
cs
)
Ẽll(∇E)

}
.

In particular, this expression is calculable from the face Z ′′.

Proof. We replace ∇R
2 by ∇T (Z/B) in the Â genus form underlying Ell0, hence

giving rise to a Chern-Simons term of the form (3), but clearly,∫
Z/B

d cs ≡
∫

Z′′/B

cs mod im
(
d : Ωodd(B) → Ωeven(B)

)
;

thus, taking into account the indeterminacy of êΓ, the application of Theorem
1.4 yields the claim.

Remark 3.4. We would like to point out that we can actually obtain a
formula that does not require the kernel of ðΓ

∂X to form a vector bundle:
In [MP97], Melrose and Piazza prove a general index theorem for families
with boundary by making use of b-calculus techniques and introducing the
notion of a spectral section P . The formal application of their theorem to
our situation is straightforward, but since their result reduces to Theorem
1.4 under the aforementioned assumption (which will indeed be satisfied in
the examples considered in this thesis), we are not going to elaborate on this.

In fact, Corollary 3.3 gives an index theoretical formula for the topological
f -invariant, for we have:

Proposition 3.5. Let Z be as in Theorem 3.1. Then we have∫
B

êΓẼll(∇E) ∈ DΓ
n+1 ⊗Q/Z,

and this gives a representative of the topological f -invariant of M .

Proof. The Chern-Weil forms constructed from the curvature of a compatible
connection ∇i represent characteristic classes of Ei relative to ∂iZ. Since
∇1 = π∗∇E comes from the base, we have∫

Z

Ell0(∇2)Ẽll(∇1) =

∫
Z

(Ell0(∇2)− 1)Ẽll(∇1);
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integrating over the fiber, we observe that the closed differential form on B
given by

∫
Z/B

(Ell0(∇2) − 1) has rational periods, i.e. it represents a class

in H∗(B,Q[ζ]). On the other hand, the differential form Ẽll(∇E) can be
considered as a representative of a class in Heven(B, ∂B; Q)⊗DΓ. Thus, the
integral yields a rational combination of divided congruences, whereas the
indeterminacy in êΓ manifests itself in true (i.e. integral) divided congruences
(by Theorem 2.2). Finally, we observe that∫

Z

(Ell0(∇2)− 1)Ẽll(∇1)

=

∫
Z

(Ell0(∇2)− 1)(Ell(∇1)− 1)−
∫

Z

(Ell0(∇2)− 1)(Ell0(∇1)− 1),

and the same reasoning as above shows that the second expression takes
values in Q[ζ], whereas the first expression can be identified with (16).

Remark 3.6. We would like to stress that it is the fact that Ell(∇1) comes
from the base that allows us to show that the integrals above take rational
values instead of real ones.

Summarizing, we see that the distinction between f̌ and f becomes neg-
ligible in the context of (U, fr)2

f -manifolds: The former comes with a natural
lift to the latter, and this property is respected by our formulæ (Theorem
3.1 and Corollary 3.3).

3.3 A vanishing theorem

It can be shown algebraically that the topological f -invariant vanishes on
framed manifolds which are in third filtration, i.e. which lift to (U, fr)3-
manifolds [Lau00]. Here we shall provide geometrical insight by considering
the following situation:

Definition 7. A (U, fr)3
f -manifold is a 〈3〉-manifold Y that is a fiber bundle

over a (U, fr)2
f -manifold B′ where the typical fiber is a compact 〈1〉-manifold;

this time, we do not require B′ to be of even dimension. In addition, there
is a complex vector bundle E3

∼= T (Y/B′)st that is trivialized over the face
∂3Y → B′, and there is an isomorphism E3 ⊕ π∗TZst ∼= TY st.

Theorem 3.7. Let M be the codimension-three corner of a (U, fr)3
f -manifold

Y . Then f̌(M) ≡ 0.
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Proof. First of all, we know that f̌ depends only on the corner and its split
framing; furthermore, by Proposition 2.7, all the possible splittings induced
by the (U, fr)3

f -structure yield congruent results. Thus, we may compute

f̌(M) from Z = π−1(∂1B
′), which we endow with its obvious (U, fr)2

f -
structure. Successive integration along the fibers yields

f̌(M,π∗(∇1 ⊕∇2)|M ,∇3|M) ≡
∫

Z

Ell0(∇3)Ẽll(π
∗(∇2 ⊕∇1))

=

∫
∂1B′

{
Ẽll(∇1 ⊕∇2)

∫
Ell0(∇3)

}
=

∫
∂1B′

{
Ẽll(∇2)

∫
Ell0(∇3)

}
=

∫
∂B

{∫ {
Ẽll(∇2)

∫
Ell0(∇3)

}}
,

where we made use of the fact that ∇1 is flat on Z. By assumption, the
integrand, a closed form, extends over B, so the integral vanishes by Stokes’
theorem.

4 The f-invariant of cartesian products

Now it is the time to illustrate the preceding ideas: Let X, B be (U, fr)-
manifolds of even dimension. Then the cartesian product Z = B×X becomes
a (U, fr)2

f -manifold in the obvious way; furthermore, since Z is a trivial fiber
bundle, êΓ is concentrated in degree zero, hence a constant function eΓ on B,
so the formula of Theorem 3.1 simplifies to

f̌(∂B × ∂X) ≡ eΓ

∫
B

Ẽll(∇E). (21)

Of course, the kernel of the operator ðΓ
∂X forms a trivial vector bundle on B,

so Corollary 3.3 applies; we can do better though:

Lemma 4.1. Let X be a (U, fr)-manifold, and let

eΓ(∂X) ≡ 〈EllΓ0 (TX), [X, ∂X]〉 mod ZΓ.

Then we have
eΓ(∂X) ≡ eC(∂X) mod ZΓ.
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Proof. We equip the hermitian vector bundle E ∼= TXst with a unitary
connection ∇E preserving the trivialization of E|∂X ; then the bundle Λ−ζE

∗

inherits a connection ∇Λ−ζE∗
preserving the induced trivialization, and by

Lemma 2.1 we have∫
X

Td(∇E)ch
(
∇Λ−ζE∗) ≡ (1− ζ)rkE

∫
X

Td(∇E) mod Z[ζ].

Stabilizing, i.e. multiplying by (1− ζ)−rkE ∈ ZΓ, the claim follows.

This enables us to establish the following remarkable result:

Theorem 4.2. Let Y1, Y2 be odd-dimensional framed manifolds, and let
m(Yi) be any modular form of weight (dimYi + 1)/2 w.r.t. the fixed con-
gruence subgroup Γ = Γ1(N) such that m̄(Yi) = m(Yi) − eC(Yi) ∈ ZΓ[[q]].
Then we have

f̌(Y1 × Y2) ≡ m̄(Y1)eC(Y2) ≡ −m̄(Y2)eC(Y1).

In particular, the f̌ -invariant of a product is antisymmetric under exchange
of the factors.

Proof. Combining (21) and Lemma 4.1, we know that

f̌(Y1 × Y2) ≡ m̄′(Y1)eC(Y2),

where, by Example 2.3, m̄′(Y1) is a divided congruence of the formm′−eΓ(Y1)
for a rational homogeneous modular form m′ of weight (dimY1 + 1)/2. If
we choose any divided congruence m̄(Y2) = m(Y2) − eC(Y2) for a suitable
homogeneous modular form m(Y2) of level N and weight (dimY2 + 1)/2, we
obtain:

f̌(Y1 × Y2) ≡ m̄′(Y1)eC(Y2) ≡ m̄′(Y1)m(Y2)
≡ −eΓ(Y1)m(Y2) ≡ −eΓ(Y1)m̄(Y2)
≡ −eC(Y1)m̄(Y2) ≡ −m(Y1)m̄(Y2)
≡ m̄(Y1)eC(Y2)

.

Take note that Lemma 4.1 and Theorem 2.2 ensure the existence of m̄(Yi).

This immediately implies:

Corollary 4.3. Let M be the cartesian product of two odd-dimensional framed
factors, one of which has vanishing eC-invariant. Then f̌(M) ≡ 0.

Remark 4.4. While this result is similar to Theorem 3.7, it does not require
any geometrical assumptions concerning (U, fr)3-structures.
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4.1 Sample calculations at level three

Due to Theorem 4.2, it is quite simple to determine a representative of the f -
invariant of a product, but it still has to be checked whether f is non-trivial,
which requires explicit calculations using divided congruences. Throughout
this section, we fix Γ = Γ1(3), as N = 3 is the smallest level at which two is
not inverted. The ring of modular forms for Γ1(3) is generated by

E1 = 1 + 6
∑

n

∑
d|n

(
d

3
)qn, E3 = 1− 9

∑
n

∑
d|n

d2(
d

3
)qn,

which are of weight one and three, respectively; we refer to the appendix for
more details.

A word on notation: Although by Proposition 3.5 the distinction is un-
necessary, we are still going to use the notation f̌ in this section, and indicate
the framed manifold it is computed from; if we write f , its argument will
be given as the underlying element in the stable stems, which we denote by
names prevalent in the literature, see e.g. [Rav04].

Proposition 4.5. Let Y and Y ′ be framed manifolds that represent a gen-
erator ν of πst

3
∼= Z/24. Then we have

f̌(Y × Y ′) ≡ 1

2

(
E2

1 − 1

12

)2

,

and this is non-trivial in DΓ

4
⊗Q/Z.

Proof. We consider the sphere S3 as the sphere bundle S(L) of the Hopf line
L over S2; framing the base and the vertical tangent in a straightforward
manner, we obtain a framing for the total space. By evaluating the (relative)
Todd genus on the associated disk bundle, we compute (see also Remark 5.5)
that eC(S(L)) is given by − 1

12
; in view of Remark 1.6, the eR-invariant must

be either − 1
24

or 11
24

, thus we conclude that S(L) represents ν. We apply
Theorem 4.2, choose

−m̄(ν) =
E2

1 − 1

12
=

∞∑
n=1

∑
3-d|n

d

 qn ∈ Z[[q]],

and compute

1

12

E2
1 − 1

12
≡ −1

2

(
E2

1 − 1

12

)2

≡ 1

2

(
E2

1 − 1

12

)2

.
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To see that this is non-trivial in DΓ

4
⊗ Q/Z, we have to compare the q-

expansion of

f(ν2) ≡ 1

2

(
E2

1 − 1

12

)2

=
1

2
q2 + 3q3 +

11

2
q4 +O(q5)

to those of a suitable basis of MΓ
4 ⊗ Q. A convenient choice consists of G∗

4

and G4, since the q-expansions of the latter two agree on powers of q not
divisible by three; but looking at G4− 1

240
= q+9q2 +O(q3), we immediately

deduce that f(ν2) is non-trivial.

Proposition 4.6. Let Y and Y ′ be framed manifolds that represent a gen-
erator σ of πst

7
∼= Z/240. Then we have

f̌(Y × Y ′) ≡ 1

2

(
E4 − 1

240

)2

,

and this is non-trivial in DΓ

8
⊗Q/Z.

Proof. Similar to the preceding case, the sphere S7, considered as the sphere
of the quaternion line over S4, represents σ, see e.g. [CF66]. Then (at least
up to sign conventions) eC(σ) = 1

240
, so we choose m̄(σ) = 1

240
(E4 − 1) and

‘complete the square’. Thus,

f(σ2) ≡ 1

2

(
E4 − 1

240

)2

=
1

2
q2 + 9q3 +

137

2
q4 + 325q5 + 1175q6 +O(q7),

and it is straightforward to show that this is non-trivial by making use of the
first, second, third, and sixth coefficients of

G∗
8 +

1093

240
= q + 129q2 + q3 + 16513q4 + 78126q5 + 129q6 +O(q7)

E8 − 1

480
= q + 129q2 + 2188q3 + 16513q4 + 78126q5 + 282252q6 +O(q7)

E8
1 − 1

48
= q + 21q2 + 253q3 + 1933q4 + 9870q5 + 35553q6 +O(q7).

Recall from [Ada66] that there is an 8-periodic family in the stable stems
generalizing η ∈ πst

1 . Although we are not going to give an explicit rep-
resentative, we denote by µk any framed manifold such that [µk] ∈ πst

8k+1

represents a member of this family (take note that our indexing differs from
Adams’).
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Proposition 4.7. For any representatives µ of this family, we have

f̌(µk × µl) ≡
1

2

E1 − 1

2
.

Proof. According to [Ada66], we have eC(µk) = 1/2, and this is the only
possible non-trivial value of eC in dimension 8k + 1. Thus, we judiciously
choose

f̌(µk × µl) ≡
1

2

E4k+1
1 − 1

2
,

but
1

2

E4k+1
1 − 1

2
− 1

2

E1 − 1

2
=
E4k

1 − 1

4
E1 ∈ Z[[q]].

Remark 4.8. Take note that Proposition 4.7 just shows that the f -invariant
of all products of the form µk × µl admits a universal representative; in low
dimensions, non-triviality of this representative is readily verified by hand
(cf. Example 4.9), but we do not know how to establish this in full generality.
On the other hand, it is known that these products represent non-trivial
elements in πst

8(k+l)+2: As shown in [Ada66], eC(µk) = 1/2 is equivalent to

dR(µk) 6= 0, and, by the properties of the degree, then also dR(µk × µl) 6= 0.

Example 4.9. It is easy to check that [µ0] = η ∈ πst
1
∼= Z/2 can be repre-

sented by the circle with its non-bounding framing: Using a Fourier decom-
position, we see that the SpinC Dirac operator has symmetric spectrum and
a single zero mode, so we conclude eC(η) = 1

2
. We also see that

f(η2) ≡ 1

2

E1 − 1

2
≡ 1

2

∑
n

∑
d|n

(
d

3
)qn =

1

2
q +

1

2
q3 +O(q4)

is non-trivial in DΓ

2
⊗ Q/Z, since its q-expansion obviously cannot be con-

gruent to a rational multiple of (E2
1 − 1)/12 = q + 3q2 +O(q3).

The images of eC in dimensions 8k+3, 8k+7 are known to be isomorphic
to cyclic groups of order d4k+2, 2d4k+4, respectively, where d2k denotes the
denominator of B2k/2k ([Ada66], see also [CF66]). The elements of πst

8k+3,
πst

8k+7 on which these values are attained lie in the image of the so-called
J-homomorphism,

J : πrSO → πst
r , r ≥ 1.
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Proposition 4.10. Let M8k+3 be a representative of the generator of Im(J)
in dimension 8k + 3. Then

f̌(M8k+3 × µt) ≡ 0.

Proof. Without loss of generality we may assume that eC(M8k+3) is repre-
sented by B4k+2/(4k + 2), so, for k > 0, we have

f̌(M8k+3 × µt) ≡
1

2

B4k+2(1− E4k+2)

4k + 2
=
∑

σ4k+1(n)qn,

whereas for k = 0 we have

f̌(M3 × µt) ≡
1

2

E2
1 − 1

12
≡ 1

2

{
E2

1 − 1

12
+ E4t

1 E3 − 1

}
≡ 1

2

{
E2

1 − 1

12
+ E3 − 1

}
,

which expands integrally by Proposition D.2.

Proposition 4.11. Let M8l−1 be a representative of the generator of Im(J)
in dimension 8l − 1. Then

f̌(M8l−1 × µt) ≡
1

2

E4 − 1

16
.

Proof. The theorem of von Staudt allows the computation of the denominator
of the Bernoulli numbers (see e.g. [Apo76]). More precisely, let d2k denote
the denominator of B2k/2k; if 2i|2k, then 2i+1|d2k, and this result is sharp.
In particular, this implies that for l = (2n + 1)2m, 2m+4|2d4l (and 2d4l is
precisely the order of Im(J) in dimension 8l − 1). Writing

G̃4l =
B4l

8l
(1− E4l) ,

B4l

8l
=

n4l

2d4l

=
n4l

2m+4u4l

,

we have
1

2
G̃4l ≡

1

2
G̃4l +

u4l − 1

2
G̃4l =

1

2

n4l(1− E4l)

2m+4
.

With the help of Lemma D.1 we compute that, modulo D
4(l+t)+1

,

− n4l

2m+5
E4l ≡

n4l

2m+5
E4t+1

1 ≡ − n4l

2m+5
El

4 ≡
1

2

El
4 − 1

2m+4
,
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from which it follows that

f̌(M8l−1 × µt) ≡
1

2

El
4 − 1

24+m
.

Now let l = (2n+ 1)2m, l′ = (2n′ + 1)2m, n ≤ n′. Then

1

2

El′
4 − El

4

24+m
=
El′−l

4 − 1

24+m+1
El

4 ∈ Z[[q]],

which means we can always reduce to the situation l = 2m; but we also have

1

2

(E2m

4 − 1)− 2m(E4 − 1)

24+m
∈ Z[[q]],

thus proving the claim.

Remark 4.12. This situation is akin to Proposition 4.7/Remark 4.8: From
[Ada66] (see also [Rav04]), we know that ηx2l, where x2l denotes the generator
of Im(J) in dimension 8l−1, is the generator of Im(J) in dimension 8l, hence
non-trivial in πst

8l .

Example 4.13. The lowest-dimensional example can be realized geometri-
cally by considering the spheres S7 and S1 with framings that represent σ
and η, respectively. In DΓ

5
⊗Q/Z, we may modify the q-expansion to read

f(ησ) ≡ 1

2

E4 − 1

240
≡ 1

2

E4 − 1

240
+

1

2

EΓ
5 − 1

3
= q − 3q2 +

29

2
q3 + 157q4 +O(q5),

and now a quick comparison with the first three coefficients of

EΓ
5 − 1

3
= q − 15q2 + q3 + 241q4 +O(q5),

E5
1 − 1

6
= 5q + 60q2 + 365q3 + 1205q4 +O(q5),

shows that f(ησ) cannot be completed to an integral q-expansion.

Proposition 4.14. Let Y 4k−1 represent a generator of Im(J) in dimension
4k − 1, k > 1, and let Y ′ represent ν. Then we have

f̌(Y 4k−1 × Y ′) ≡ 0.
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Proof. For k = 2l we may proceed as in the previous proof:

f̌(Y 8l−1 × Y ′) ≡ 1

4
G̃4l ≡

1

4
G̃4l ±

u4l ∓ 1

4
G̃4l = ±1

4

n4l(1− E4l)

2m+4

≡ ∓ n4l

2m+6
E2

1 ≡ ±n4l

4

El
4 − 1

2m+4
≡ ±n4l

4

(E4 − 1) · l
2m+4

,

where the sign is chosen according to whether u4l ≡ ±1 mod 4, and the last
step follows from (26) and (27).
Making use of Proposition D.3, we see that in DΓ

4l+2
⊗Q/Z:

E4 − 1

26
≡ E2

1 − 1

25
− 1

4
(E2

3 − 1)− 1

8
(E3

1E3 − 1)

≡ E2
1 − 1

25
− 1

4
(El−1

4 E2
3 − 1)− 1

8
(El−1

4 E3
1E3 − 1)

≡ E2
1 − 1

25
≡ −E

l
4 − 1

25
≡ −lE4 − 1

25
;

if l is even, we are done, otherwise we have to iterate once.

Now let k = 2l − 1 > 1. Then we have

f̌(Y 8l−5 × Y ′) ≡ 1

4
2G̃4l−2 ≡

1

2

n4l−2(1− E4l−2)

8
≡ n4l−2

4

E2
1 − 1

4
,

but the latter is seen to be congruent to a form of top weight,

E2
1 − 1

24
≡ E4 − 1

25
+

1

2
(E2

3 − 1) +
1

4
(E3

1E3 − 1)

≡ E4 − 1

25
+

1

2
(E4l−6

1 E2
3 − 1) +

1

4
(E4l−6+3

1 E3 − 1)

≡ E4 − 1

25
≡ l

E4 − 1

25+m
≡ El

4 − 1

25+m
,

thus vanishes in DΓ

4l
⊗Q/Z.

Remark 4.15. We would like to point out that Propositions 4.5 through 4.14
may be thought of as an elliptic analogue of [Rav04, Theorem 5.5.8. (b)].
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5 The f-invariant of principal circle bundles

Let L be a hermitian line bundle with unitary connection ∇L over a compact
manifold B; restricting to the unit disk in the fibers, we get a bundle Z =
D(L). Furthermore, the connection ∇L induces a splitting of the tangent
bundle. Clearly, the vertical tangent bundle is

T (Z/B) ∼= π∗L,

therefore it inherits a natural complex structure. Restricting to the sphere
bundle S(L), we have

(π∗L)|S(L)
∼= T (Z/B)|S(L)

∼= T (S(L)/B)⊕ S(L)× R,

and we can trivialize the vertical tangent of the principal circle bundle S(L),
hence also (π∗L)|S(L). Thus, if L is a hermitian line with connection over
an even-dimensional (U, fr)-manifold B, then D(L) can be turned into a
(U, fr)2

f -manifold.
Let us compute the f -invariant in this situation: Given any compati-

ble connections we may invoke Theorem 3.1; further simplification can be
achieved by a result similar to Lemma 4.1:

Lemma 5.1. In the situation of a disk bundle Z = D(L), we may replace
Ell0(∇2) by Td(∇2) for the computation of the êΓ-form in Theorem 3.1.

Proof. In terms of the iR-valued curvature two-form F∇2 , we have

Td (∇2)− Ell0 (∇2) = − ζ

1− ζ

iF∇2

2π
;

upon integration along the fiber, the RHS takes values in ZΓ, and, when
computing f , this integer will get multiplied by the divided congruence∫

B
Ẽll(∇E).

In order to make contact with index theory, we endow the vertical tangent
bundle with a metric gT (Z/B) such that it is of product type near the boundary
and that the circle acts isometrically. Then we construct the connection
∇T (Z/B) as in section 1.4; if we denote by e the vertical unit tangent of the
circle bundle, we see that ∇T (Z/B)〈e, e〉 = 0, which implies that

∇T (Z/B)e = 0,

i.e. this connection is already trivializing (cf. [Zha94]). Now we can prove:
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Proposition 5.2. In the situation of the disk bundle D(L), the cohomology
class of the êΓ-form is given by

[êΓ] ≡
∞∑

k=0

Bk+1
(c1(L))k

(k + 1)!
mod im(ch : K(B)⊗ ZΓ → Heven(B,Q[ζ])).

Proof. By Lemma 5.1, it is sufficient to consider∫
Z/B

Td (∇2) =

∫
Z/B

Td
(
∇T (Z/B)

)
+

∫
Z/B

d cs
(
Td,∇T (Z/B),∇2

)
;

analogously to Corollary 3.3, the last summand can be reduced to an integral
over S(L)/B, at least up to exact forms on the base. Clearly, we have

cs
(
Td,∇T (Z/B),∇2

)
= cs(Â,∇T (Z/B),∇R

2 ) exp

(
iF∇2

4π

)
,

and since the Â-genus form comes from an even power series, formula (2)
yields

cs(Â) =
∞∑

k=0

ck

∫ 1

0

tr
(
ωF 2k+1

t

)
dt,

for explicitly calculable coefficients ck; but the so(2)-valued (i.e. abelian)
curvature two-forms of ∇T (Z/B) and ∇R

2 vanish upon restriction to S(L),
hence so do Ft and cs.
Now, by assumption, the circle acts isometrically on the fibers, which implies
that the kernel of the boundary family ð∂ is induced by the (trivial) S1-
representation ker ðS1 , hence it is of constant rank. Therefore, we may apply
Theorem 1.4, and since ch(ker ð∂) = 1, we have

[êΓ] ≡ [η̂(ð)] + 1
2

mod im(ch : K(B)⊗ ZΓ → Heven(B,Q[ζ])).

Luckily, the η̂-form of the Dirac operator for principal circle bundles has
been computed in [Zha94] and [Goe00] (see also appendix E); its underlying
cohomology class is

[η̂(ð)] =
∞∑

k=1

Bk+1
(c1(L))k

(k + 1)!
, (22)

and the addition of 1
2

= B1(1) completes the proof.
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Corollary 5.3. Let L be a hermitian line with unitary connection ∇L over
a (U, fr)-manifold B of dimension 2n+ 2. If we denote by S(L)| the framed
circle bundle over ∂B, we have

f(S(L)|) ≡
n∑

k=0

Bk+1

(k + 1)!

∫
B

{(
iFL

2π

)k

Ẽll(∇E)

}
.

Proof. The first Chern class of L may be represented by the normalized
curvature two-form, so the result follows from Proposition 3.5, Theorem 3.1,
Proposition 5.2, and the fact that powers k > n cannot contribute (take note

that Ẽll is concentrated in positive degree).

Remark 5.4. Modulo the integers, [êΓ] is an odd function of c1(L). Thus, if
we replace L by L∗ in Corollary 5.3, we see that the f -invariant just changes
sign.

Remark 5.5. We may also use Proposition 5.2 to compute the eC-invariant
of a principal circle bundle S(L) over a closed framed base B of dimension
2k: Take note that if E is a hermitian vector bundle with unitary connection,
then the fact that B is framed implies that

∫
B
ch(∇E) is an integer, the index

of ð⊗E. Thus, modulo the integers, the evaluation of the relative Todd genus
of the (U, fr)-manifold D(L) reduces to the evaluation of [η̂(ð)] + 1

2
on B,

which implies that

eC (S(L)) ≡ Bk+1

k + 1

∫
B

ch
(
∇L
)

mod Z.

In particular, this formula applies to the nilmanifolds of [DS84], cf. [Goe00].

5.1 Calculations for torus bundles

As an application of Corollary 5.3, we consider the situation where the
(U, fr)-manifold B is a disk bundle itself: Let L, L′ be hermitian lines over a
closed, framed manifold B′ of positive even dimension; we choose a connec-
tion on L′ and turn D(L′) into a (U, fr)-manifold B. Pulling back the line
L, we proceed similarly to obtain a (U, fr)2

f -manifold D(π∗L). In particular,
the corner M is a principal torus bundle, which we refer to as the double
transfer of B′ (with respect to the lines L, L′).
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Remark 5.6. The iterated transfers appear in Knapp’s work investigating
the Adams filtration of Lie groups [Kna78], treating a (compact) Lie group G
as principal bundle over G/T , where T is a maximal torus. In particular, the
tangent bundle of G/T is stably trivial, and there is a convenient description
of the cohomology of G/T in terms of the roots [BH58].

Lemma 5.7. Let Γ = Γ1(3), let L and L′ be hermitian lines over a closed
framed manifold B′ of dimension 2n > 0, and let M be the double transfer
constructed above. Then, denoting the first Chern classes of L and L′ by x
and y, respectively, the f -invariant of M is given by

f(M) ≡
n−1∑
k=1

Bk+1

(k + 1)!
〈xkẼll(y)/y, [B′]〉.

Proof. Clearly, the pair (D(L′), S(L′)) may be identified with the Thom space
of L′; furthermore, the tangent of the (U, fr)-manifold B is stably isomorphic
to π∗L′, so the Thom isomorphism yields

n∑
k=0

Bk+1

(k+1)!
〈xkẼll(y)/y, [B′]〉 =

n∑
k=0

Bk+1

(k+1)!
〈(π∗x)kẼll(TB), [D(L′), S(L′)]〉,

and the RHS is precisely the formula of Corollary 5.3. If we interpret the
summand for k = 0 as

1

2
〈Ẽll(y)/y, [B′]〉 = eC(S1)〈Ẽll(y)/y, [B′]〉 ≡ f̌(S(L′))× S1),

the latter is easily seen to be congruent to zero by Propositions 4.10, 4.11, and
the fact that eC(S(L′)) is represented by an integer multiple of Bn+1/(n+1),
cf. Remark 5.5. Similarly, the contribution proportional to 〈xn, [B′]〉 may be
identified with f̌(S1 × S(L)) ≡ 0.

Remark 5.8. It should be noted that the explicit choice of framing for
B′ plays only a minor rôle in the formula above; in particular, orientation-
preserving reframings of B′ lead to a double transfer having the same f -
invariant.

For the remainder of this section, we are going to fix Γ = Γ1(3) and use
the notations of Lemma 5.7; we are going to use the latter to compute the
f -invariant of the general double transfer in a given dimension, thus enabling
us to determine the precise conditions for non-triviality. Clearly, the double
transfer on a two-dimensional base will have vanishing f -invariant; increasing
dimensions, things become more interesting, starting with:
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Proposition 5.9. Let B′ be a closed framed manifold of dimension four.
The double transfer w.r.t. the lines L, L′ has non-trivial f -invariant if and
only if 〈xy, [B′]〉 is odd, in which case it is given by

1

2

(
E2

1 − 1

12

)2

∈ DΓ

4
⊗Q/Z.

Proof. Making use of Lemma 5.7 and the expansions (24), (25), we compute

f ≡ 1
12

E2
1−1

12
〈xy, [B′]〉; thus, we can proceed as in Proposition 4.5.

Example 5.10. An obvious choice is to take B′ to be S2 × S2, which we
may think of as Spin(4)/T . Taking x and y to be (minus) the generators of
the cohomology of the respective factors, we essentially recover the situation
of Proposition 4.5.

Proposition 5.11. Let B′ be a closed framed manifold of dimension six.
The double transfer w.r.t. the lines L, L′ has non-trivial f -invariant if and
only if 〈xy2, [B′]〉 is odd, in which case it is given by

1

2

(
E2

1 − 1

12

)2

∈ DΓ

5
⊗Q/Z;

furthermore, this differs from the situation of Example 4.13.

Proof. By Lemma 5.7, we just have to consider the coefficient of xy2; by (24)
and (25), it is given by

1

12

iE3
1 − iE3

18
√

3
≡ −i

√
3

3

{
1

2

E2
1 − 1

12

1− E3

9
+
E2

1 − 1

12

E3
1 − 1

18

}
≡ 1

2

E2
1 − 1

12

E3 − 1

9
≡ 1

2

(
E2

1 − 1

12

)2

=
1

2
q2 + 3q3 +

11

2
q4 +O(q5),

which is seen to be non-trivial by checking the first and fourth coefficients of

5
EΓ

5 − 1

3
= 5q − 75q2 + 5q3 + 1205q4 +O(q5),

E5
1 − 1

6
= 5q + 60q2 + 365q3 + 1205q4 +O(q5);
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obviously, this argument still holds true if we add

f(ησ) ≡ 1

2

E4 − 1

240
+

1

2

EΓ
5 − 1

3
= q − 3q2 +

29

2
q3 + 157q4 +O(q5).

Example 5.12. We borrow an example from [Lau00], choosingB′ = SU(3)/T
and x and y to be the simple roots. A straightforward computation yields
〈xy2, [B′]〉 = 3, hence establishing non-triviality.

Proposition 5.13. Let B′ be a closed framed manifold of dimension eight.
Then the double transfer w.r.t. any lines L, L′ has trivial f -invariant in
DΓ

6
⊗Q/Z.

Proof. By Lemma 5.7, we know that f is represented by the evaluation of

1

12

13(E4
1 − 1)− 16(E1E3 − 1)

2160
y3x− 1

720

E2
1 − 1

12
yx3,

but

1

12

13(E4
1 − 1)− 16(E1E3 − 1)

2160
=

1

12

5(E4
1 − 1)− 2(E4 − 1)

2160

≡1

8

E4
1 − 1

8
− 1

2

E4 − 1

16
≡ 1

8

E4
1 − 1

8
+ 9

(
E2

1 − 1

12

)3

− 1

2

E4 − 1

16

≡E
2
1 − 1

26
− 1

2

E4 − 1

16
≡ −E4 − 1

26
− 1

2

E4 − 1

16
= −3

4

E4 − 1

16

and

− 1

720

E2
1 − 1

12
≡ 1

36

E4 − 1

240
≡ 1

4

E4 − 1

16

may be identified with (multiples of) f(νσ), but the latter is trivial by Propo-
sition 4.14.

Remark 5.14. Revisiting the above at level two, an admittedly tedious
calculation along the lines of this section shows that the corresponding f -
invariant will be non-trivial if and only if 3 - 〈x3y, [B′]〉, and Spin(5)/T fits
the bill; since this result also follows from [Lau00], we do not bother with
details.
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Proposition 5.15. Let B′ be a closed framed manifold of dimension ten.
Then the double transfer w.r.t. any lines L, L′ has trivial f -invariant in
DΓ

7
⊗Q/Z.

Proof. By Lemma 5.7, it is sufficient to evaluate

i√
3

(
xy4 1

12

E2
1(E

3
1 − E3)

216
− x3y2 1

720

E3
1 − E3

18

)
on B′. In DΓ1(3)

7
⊗Q/Z, we may rewrite

1

12

E2
1(E

3
1 − E3)

216
≡ − 1

4 · 9

((
E2

1 − 1

4

)2

+
E4 − 1

16

)
E3

1 − E3

9
,

1

720

E3
1 − E3

18
≡ − 1

2 · 3
E4 − 1

240

E3
1 − E3

9
.

By coupling the Dirac operator on B′ to L′ ⊗ L ⊕ L′ ⊗ L∗ 	 2L′, we obtain
the divisibility result 5!|〈(20x3y2 + 10xy4), [B′]〉, i.e. 4|〈(2x3y2 + xy4), [B′]〉;
interchanging L and L′, we get 4|〈(2y3x2+yx4), [B′]〉. But a short calculation
with Steenrod squares (see e.g. [Ste62], [MS74]) shows that x3y2 is already
even: Recall that, on a framed manifold, Sqk vanishes on classes of codimen-
sion k; furthermore, Sq1 (i.e. the Bockstein) vanishes on integral classes, so
we compute

0 ≡ Sq2(x3y) ≡ Sq2(x3)y + x3Sq2(y) ≡ x4y + x3y2 ≡ x3y2 mod 2.

Thus, 4|〈xy4, [B′]〉, and consequently, f admits an integral q-expansion.

Lemma 5.16. Let B′ be a closed, framed manifold of dimension twelve and
let x, y ∈ H2(B′,Z). Then 〈x3y3, [B′]〉 and 〈xy5, [B′]〉 are even.

Proof. Let L, L′ be hermitian lines such that their first Chern classes are x,
y, respectively; we endow the lines with unitary connections and compute the
index of several twisted Dirac operators to obtain the following divisibility
results:

6!|〈(x+ y)6 + (x− y)6 − 2x6 − 2y6, [B′]〉

⇒ 8|〈x4y2 + x2y4, [B′]〉,

6!|〈(x+ 2y)6 + (2x+ y)6 − x6 − y6, [B′]〉
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⇒ 16|〈12(x5y + xy5) + 60(x4y2 + x2y4), [B′]〉.

Thus, we also have 8|〈6(x5y + xy5), [B′]〉, and from

6!|〈6(x5y + xy5) + 20x3y3 + 15(x4y2 + x2y4), [B′]〉

we may now deduce 2|〈x3y3, [B′]〉. Finally, making use of Steenrod squares,
we have

0 ≡ Sq4(x3y) ≡ x5y + x4y2 ≡ x5y + Sq6(x2y) ≡ x5y mod 2,

so x5y and, analogously, xy5 are even.

Proposition 5.17. Let B′ be a closed framed manifold of dimension twelve.
The double transfer w.r.t. lines L, L′ has non-trivial f -invariant if and only
if 1

2
〈xy5, [B′]〉 is odd, in which case it is given by

1

2

(
E2

1 − 1

12

)3

∈ DΓ

8
⊗Q/Z;

furthermore, this differs from the situation of Proposition 4.6.

Proof. We apply Lemma 5.7, and by Lemma 5.16, we gain an extra factor of
two; in particular, the coefficient of 1

2
〈x3y3, [B′]〉 reads

2 · 1

720

16(E1E3 − 1)− 13(E4
1 − 1)

2160
= − 2

33 · 240

2(E4 − 1)− 5(E4
1 − 1)

240

≡ 2

33

(
E4 − 1

240

)2

+
1

34 · 240

E4
1 − 1

8
≡ − 1

34 · 8
E4 − 1

240
≡ 5

33

(
E4 − 1

240

)2

,

whereas the coefficient of 1
2
〈x5y, [B′]〉 is

2 · 1

30240

E2
1 − 1

12
≡
(

1

15120
− 1

3 · 240

)
E2

1 − 1

12
= − 1

22 · 33 · 7
E2

1 − 1

12

≡ 1

2 · 34

E6 − 1

23 · 7
≡ −1

2

E6 − 1

8
≡ 1

4

E2
1 − 1

4
≡ 0,

by Lemma D.4. Thus, we are left with

f ≡ 121(E6
1 − 1)− 152(E3

1E3 − 1) + 40(E2
3 − 1)

27 · 36 · 5 · 7
〈xy5, [B′]〉,
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which is congruent to the desired result by Proposition D.5. Non-triviality
is established by comparing the first, second and fourth coefficient of the
q-expansion of

1

2

(
E2

1 − 1

12

)3

=
1

2
q3 +

9

2
q4 +O(q5)

to those of

G∗
8 +

1093

240
= q + 129q2 + q3 + 16513q4 +O(q5),

E8 − 1

480
= q + 129q2 + 2188q3 + 16513q4 +O(q5),

E8
1 − 1

48
= q + 21q2 + 253q3 + 1933q4 +O(q5);

this argument still applies if we add

f(σ2) ≡ 1

2

(
E4 − 1

240

)2

=
1

2
q2 + 9q3 +

137

2
q4 +O(q5).

Example 5.18. We choose B′ to be the framed manifold G2/T . Let us recall
some facts about its cohomology ring [BS55]: Rationally, it is generated by
classes α, β ∈ H2(G2/T,Z) subject to the relations

α2 + 3β2 + 3αβ = 0, α6 = 0 = β6;

furthermore, we have
〈αβ5, [G2/T ]〉 = 2,

which is precisely what we need, i.e. we take x = α, y = β.

Remark 5.19. It is of course possible to continue the program initiated
above, i.e. to calculate the f -invariant of the generic double transfer system-
atically; however, as the computations become increasingly more involved,
one should look for results complementing our approach. In fact, such re-
sults exist (at least partially): It is possible to compute the f -invariant alge-
braically, never leaving the context of the ANSS, and this has been done for
several beta-elements in [HN07]. In particular, a straightforward comparison
of their results to Proposition 5.17 (making use of Lemma D.4) shows that
the example above represents β3 at the prime two. (Of course, this does not
come as a surprise, since, by our result, it cannot be σ2 = β4/4.)
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A Useful formulæ

. . . from analytic number theory

(See e.g. [Apo76]) The Hurwitz zeta function is defined by analytic continu-
ation of the series ζ(s, x) =

∑∞
n=0(n+x)−s, x > 0 and s > 1. Take note that

ζ(s, 1) = ζ(s) is the usual Riemann zeta function. It satisfies the functional
equation

ζ
(
1− s,

m

n

)
=

2Γ(s)

(2πn)s

n∑
k=1

cos

(
πs

2
− 2πkm

n

)
ζ

(
s,
k

n

)
for integers 1 ≤ m ≤ n. We also have the relation

ζ(−n, x) = −Bn+1(x)

n+ 1
,

where the Bernoulli polynomials are given by

text

et − 1
=

∞∑
k=0

Bk(x)
tk

k!
;

they satisfy
Bn(1− x) = (−1)nBn(x)

and

Bn(mx) = mn−1

m−1∑
k=0

Bn

(
x+

k

m

)
.

If no argument is indicated, it is understood to be one, i.e. Bn = Bn(1).

. . . involving modular forms

Let Γ ⊂ SL(2,Z) be a subgroup of finite index, e.g. the following congruence
subgroups of level N > 1 [HBJ92], [Sch74]:

Γ0(N) =

{
γ ∈ SL(2,Z) | γ ≡

(
∗ ∗
0 ∗

)
mod N

}
,

Γ1(N) =

{
γ ∈ SL(2,Z) | γ ≡

(
1 ∗
0 1

)
mod N

}
;
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their index is given by

[SL(2,Z) : Γ1(N)] = N2
∏
p|N

(1− p−2),

[SL(2,Z) : Γ0(N)] = N
∏
p|N

(1 + p−1).

Now let k ≥ 0 be an integer. Recall that a function f : h → C is called a
modular form of weight k w.r.t. Γ if:

(i) f is holomorphic on h,

(ii) for all γ =

(
a b
c d

)
∈ Γ, we have: (cτ + d)kf(τ) = f

(
aτ+b
cτ+d

)
,

(iii) and for every S =

(
a b
c d

)
∈ SL(2,Z), (cτ + d)−kf

(
aτ+b
cτ+d

)
admits a

Fourier expansion of the form
∑

n≥0 anq
n/N .

The vector space of modular forms of a given weight k is finite-dimensional;
the valence formula implies the following upper bound:

dimMk(Γ) ≤ 1 +
k

12
[PSL(2,Z) : PΓ]. (23)

Take note that if f(τ) is a modular form w.r.t. SL(2,Z), then g(τ) = f(Nτ)
is a modular form w.r.t. Γ0(N):

Proof. Let N |b and

(
a b
c d

)
∈ SL(2,Z). Then we use

(
1/N 0

0 1

)(
a b
c d

)(
N 0
0 1

)
=

(
a b/N
Nc d

)
to obtain any element in Γ0(N). Assuming f to be of weight k, we have

(cNτ + d)kf(Nτ) = f

(
aNτ + b

cNτ + d

)
= f

(
N
aτ + b/N

Ncτ + d

)
.
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B Eisenstein series

Level 1

Taking the logarithmic derivative of the product formula of the sine, we
obtain

π cotπz = iπ(1− 2
∞∑

k=0

e2πikz) =
1

z
+

∞∑
n=1

(
1

z + n
+

1

z − n

)
,

assuming that z ∈ h. Successive differentiation w.r.t. z yields (for r > 1)

1

zr
+

∞∑
n=1

(
1

(z + n)r
+

1

(z − n)r

)
=

(−2πi)r

(r − 1)!

∞∑
k=1

kr−1e2πikz.

We may now define the Eisenstein series: Let k > 2 be an even integer; then

Ek(τ) = ζ(k)−1
∑
m,n

′
(mτ + n)−k = 1 + 2

(−2πi)k

ζ(k)(k − 1)!

∞∑
m=1

∞∑
d=1

dk−1qdm,

where the prime denotes the omission of the term m = n = 0. This in turn
implies

Ek(τ) = 1− 2k

Bk

∞∑
n=1

σk−1(n)qn,

where σk(n) =
∑

d|n d
k. It is straightforward to see that Ek(τ + 1) = Ek(τ)

and τ kEk(τ) = Ek(−1/τ). For k = 2, we define

E2 = 1− 24
∞∑

n=1

σ1(n)qn,

which is holomorphic, but not modular anymore; instead, we have

τ−2E2(−1/τ) = E2 +
6

iπτ
,

which means that

Ê2 = E2 −
3

π=(τ)

behaves well w.r.t. Γ = SL(2,Z). Sometimes it will be convenient to use
another normalization of the Eisenstein series, namely

Gk(τ) = −Bk

2k
Ek(τ).
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Level N

Fixing a level N > 1, we may choose to sum over a sublattice (m1,m2) ≡
(a1, a2) mod N , so, for any integer k ≥ 3, we define

G(a1,a2)
k (τ) =

∑
m≡a (N)

(m1τ +m2)
−k.

Obviously, we have

(cτ + d)−kG(a1,a2)
k

(
aτ + b

cτ + d

)
=

∑
m≡a (N)

((m1a+m2c)τ + (m1b+m2d))
−k,

and we may change the summation to run over the lattice m′ = mγ ≡ aγ;
take note that, modulo N , Γ1(N) preserves a = (0, a2). In order to obtain a
q-expansion, we recast the expression for G by splitting the sums

G(a1,a2)
k (τ) = bk +N−k

∑
0<m1≡a1

∑
n∈Z

(
m1τ + a2

N
+ n

)−k

+ (−N)−k
∑

0<m1≡−a1

∑
n∈Z

(
m1τ − a2

N
+ n

)−k

= bk + ck
∑

0<m1≡a1

∞∑
d=1

dk−1e2πid(m1τ+a2)/N

+ (−1)kck
∑

0<m1≡−a1

∞∑
d=1

dk−1e2πid(m1τ−a2)/N ,

where ck = (−2πi/N)k/((k − 1)!) and bk =
∑

n≡a2
n−k.

Level 3

Let us focus on N = 3 and a ≡ (0, 1). For k = 2n+ 1, we have

b2n+1 = 3−kζ(2n+ 1, 1/3)− 3−kζ(2n+ 1, 2/3)

= (−1)n (2π)2n+1

(2n)!
√

3
ζ(−2n, 1/3),
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and

(−1)n (2π)2n+1

32n+1(2n)!
i−1

∞∑
l=1

∞∑
d=1

d2n(e2πid/3 − e−2πid/3)qdl

=(−1)n (2π)2n+1

32n+1(2n)!

√
3

∞∑
l=1

∑
d|l

d2n(
d

3
)

 ql,

where we introduced the Legendre symbol,

(
d

3
) = −1, 0, 1 for d ≡ −1, 0, 1 mod 3.

Thus, the normalized odd Eisenstein series for Γ1(3) is given by

E
Γ1(3)
2n+1(τ) = 1− 2n+ 1

32nB2n+1(1/3)

∞∑
l=1

∑
d|l

d2n(
d

3
)

 ql.

Similarly, for even k = 2n+ 2 we compute

bk
ck

= (−1)n+1 (2n+ 1)!

(2π)2n+2
(ζ(2n+ 2, 1/3) + ζ(2n+ 2, 2/3))

= ζ(−(2n+ 1), 1)− 32n+2ζ(−(2n+ 1), 1/3)

= − B2n+2

2n+ 2
+ 32n+2B2n+2(1/3)

2n+ 2

= − B2n+2

2n+ 2
+ 32n+2B2n+2(1/3) +B2n+2(2/3)

4n+ 4

=

(
−1 +

3− 32n+2

2

)
B2n+2

2n+ 2

which implies that for n ≥ 1

2G
(0,1)(3)
2n+2 (τ) := −1

2
(32n+2 − 1)

B2n+2

2n+ 2
+

∞∑
l=1

∞∑
d=1

d2n+1(e2πid/3 + e−2πid/3)qdl

is a modular form w.r.t. Γ = Γ1(3). In order to treat the situation n = 0, we
observe that

2G
(0,1)(3)
2 (τ)− 2G2(τ) =

B2

2
(1− 9

2
+

1

2
) +

∞∑
l=1

∞∑
d=1

d(e2πid/3 + e−2πid/3 − 2)qdl
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= −3

B2

2
+

∞∑
n=1

∑
3-d|n

d

 qn

 = −3

(
1

12
+

∞∑
n=1

(σ1(n)− 3σ1(n/3))qn

)
;

this is proportional to E2(τ)− 3E2(3τ) = Ê2(τ)− 3Ê2(3τ), hence even mod-
ular for Γ0(3).

It is also possible to define a first Eisenstein series by introducing a regu-
larization scheme that preserves modularity (cf. e.g. [Sch74]); we still focus
on the level N = 3 and define

G(a1,a2)
1 (τ, s) =

∑
m≡a

′
(m1τ +m2)

−1|m1τ +m2|−s,

which converges for s sufficiently large, so we rearrange the sums as

G(a1,a2)
1 (τ, s) = b(s, a)+

∑
m1≡a1

′∑
n∈Z

3−1−s

(
m1τ + a2

3
+ n

)−1 ∣∣∣∣m1τ + a2

3
+ n

∣∣∣∣−s

using

b(s, a) =

{ ∑′
m2≡a2

m−1
2 |m2|−s if a1 ≡ 0 mod 3

0 otherwise
.

Next, we observe that for fixed z

Ψ(u, s) =
∑
k∈Z

(z + k + u)[(z + k + u)(z̄ + k + u)]−s/2

may be Fourier transformed into

Ψ(u, s) =
∑
m∈Z

cm(z, s)e2πimu;

we may evaluate the Fourier coefficients

cm(z, s) =

∫ 1

0

∑
k∈Z

(z + k + u)−1|z + k + u|−se−2πimudu

=

∫ ∞

−∞
(z + u)−1|z + u|−se−2πimudu ,

so we have

cm

(
m1τ + a2

3
, 0

)
=

{
−2πisgn(m)e2πim(m1τ+a2)/3 for mm1 > 0

0 for mm1 < 0
;
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the zero mode enters into the Eisenstein series via

3−1−s
∑

m1≡a1

′
c0(z, s) = 3−1

∑
m1≡a1

′ sgn(m1)

|m1|s

∫ ∞

−∞
(τ + u)−1|τ + u|−sdu,

which is holomorphic at s = 0, and, in particular, does not contribute for
a1 ≡ 0. Finally, we evaluate b by considering

lim
s→1

[ζ(s, x)− 1/(s− 1)] = −Γ′(x)/Γ(x) = −ψ(x),

where the digamma function ψ satisfies

ψ(1− x)− ψ(x) = π cot(πx),

which implies that

b(0, (0, 1)) = 3−1 lim
s→0

[ζ(1 + s, 1/3)− ζ(1 + s, 2/3)] =
π

3
√

3
.

Putting everything together, we see that the regularized (and normalized)
Eisenstein series has the same q-expansion that would have been expected
from the näıve formula:

E
Γ1(3)
1 = 1 + 6

∞∑
n=1

∑
d|n

(
d

3
)

 qn.

Finally, from (23), we know that

dimMk (Γ1(3)) ≤ 1 +
k

3
;

thus, it is easy to see that the ring of modular forms w.r.t. Γ1(3) is generated
by the first and third Eisenstein series; as confusion is unlikely, we denote
them by E1 and E3, respectively.

C Expanding the Hirzebruch genus

Following [HBJ92], we introduce the Φ-function,

Φ(τ, x) = (ξ1/2 − ξ−1/2)
∞∏

n=1

(1− ξqn)(1− ξ−1qn)

(1− qn)2

= x exp

(
−

∞∑
k=1

2

(2k)!
G2k(τ)x

2k

)
,
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where ξ = exp x and q = exp(2πiτ); for

(
a b
c d

)
∈ SL(2,Z), it satisfies

Φ

(
aτ + b

cτ + d
,

x

cτ + d

)
(cτ + d) = exp

(
cx2

4πi(cτ + d)

)
Φ(τ, x).

Integrating and exponentiating

∂x ln Φ(τ, x) =
1

2
coth

x

2
−

∞∑
n=1

∑
d|n

(edx − e−dx)qn,

we conclude that

Φ(τ, x) = exp

(
−2

∞∑
k=1

(x− ω)k

k!
G

(ω)
k (τ)

)
·
{

x for ω = 0
Φ(τ, ω) for ω 6= 0

,

where

G
(ω)
k (τ) = −c

(ω)
k

2k
+

∞∑
n=1

∑
d|n

edω + (−1)ke−dω

2
dk−1

 qn

and
1

2
coth

x

2
=

∞∑
k=0

c
(ω)
k

(x− ω)k−1

k!
.

Therefore we have:

x

1− e−x

1− eae−x

1− ea

∞∏
n=1

(1− qn)2

(1− qnex)(1− qne−x)

1− e−aqnex

1− e−aqn

1− eaqne−x

1− eaqn

= x
Φ(τ, x− a)

Φ(τ, x)Φ(τ,−a)
= exp

(
2

∞∑
n=1

x2n

(2n)!
G2n(τ)− 2

∞∑
k=1

xk

k!
G

(−a)
k (τ)

)
.

Deriving the ck at level three

By definition,

1

2

ex + eω

ex − eω
=

1

2
coth

(
x− ω

2

)
=

∞∑
k=0

c
(−ω)
k

k!
(x− ω − (−ω))k−1.
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We set eω = ζ 6= 1, and, at level three, ζ3 = 1. Then,

ex + ζ

ex − ζ
= (e3x − 1)−1

(
(ζ − ζ2)(e2x − ex) + e3x − e2x − ex + 1

)
= (ζ − ζ2)

∞∑
k=−1

(Bk+1(2/3)−Bk+1(1/3))
(3x)k

(k + 1)!

+
∞∑

k=−1

(Bk+1(1) +Bk+1(0)−Bk+1(2/3)−Bk+1(1/3))
(3x)k

(k + 1)!

= −2(ζ − ζ2)
∞∑

k=0

32kB2k+1(1/3)
x2k

(2k + 1)!

+
∞∑

n=0

(32n+2 − 1)B2n+2
x2n+1

(2n+ 2)!
.

The last step follows from the fact that the minus first summands cancel,
and we used

Bn(1) = 3n−1(Bn(1/3) +Bn(2/3) +Bn(1)),

Bn(1− x) = (−1)nBn(x).

So we have

c
(−ω)
2n+1 = (e−ω − eω)32nB2n+1(1/3),

c
(−ω)
2n+2 =

32n+2 − 1

2
B2n+2.

Thus, we may express the elliptic genus of level three as

x
Φ(τ, x− ω)

Φ(τ, x)Φ(τ,−ω)
= exp

(
3

∞∑
n=1

x2n

(2n)!
G∗

2n(τ)− 2
∞∑

k=0

x2k+1

(2k + 1)!
G

(−ω)
2k+1(τ)

)
,

where

G∗
2n(τ) = G2n(τ)− 32n−1G2n(3τ),

G
(−ω)
2k+1(τ) =

eω − e−ω

2
32kB2k+1(1/3)

2k + 1
E

Γ1(3)
2k+1 (τ),
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hence modularity is manifest. Choosing ω = 2πi/3, the first few terms of the
genus, when expressed in terms of E1 and E3, read

EllΓ1(3)(x) = 1 +
iE1

2
√

3
x+

E2
1

12
x2 +

iE3
1 − iE3

18
√

3
x3 +

13E4
1 − 16E1E3

2160
x4

+
iE2

1(E
3
1 − E3)

216
√

3
x5 +

121E6
1 − 152E3

1E3 + 40E2
3

272160
x6 +O(x7).

(24)

We also list the first few terms of the expansion of the Todd genus:

x

1− e−x
= 1 +

1

2
x+

1

12
x2 − 1

720
x4 +

1

30240
x6 +O(x8). (25)

D Useful congruences

The ring of modular forms w.r.t. Γ = Γ1(3) is generated by

E1 = 1 + 6
∞∑

n=1

∑
d|n

(
d

3
)

 qn,

E3 = 1− 9
∞∑

n=1

∑
d|n

(
d

3
)d2

 qn,

so it is straightforward to check that

E4 = 1 + 240
∞∑

n=1

∑
d|n

d3

 qn = 9E4
1 − 8E1E3,

E6 = 1− 504
∞∑

n=1

∑
d|n

d5

 qn = −27E6
1 + 36E3

1E3 − 8E2
3 ,

E8 = 1 + 480
∞∑

n=1

∑
d|n

d7

 qn = E2
4 ,
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G∗
2 =

1

12
+

∞∑
n=1

∑
3-d|n

d

 qn =
1

12
E2

1 ,

G∗
4 = − 13

120
+

∞∑
n=1

∑
3-d|n

d3

 qn =
1

40
E4

1 −
2

15
E1E3,

G∗
6 =

121

252
+

∞∑
n=1

∑
3-d|n

d5

 qn =
1

28
E6

1 +
2

7
E3

1E3 +
10

63
E2

3 ,

G∗
8 = −1093

240
+

∞∑
n=1

∑
3-d|n

d7

 qn =
9

80
E8

1 −
6

5
E5

1E3 −
52

15
E2

1E
2
3 ,

from which we may derive ‘obvious’ congruences, e.g.

E1 − 1

6
∈ Z[[q]].

Furthermore, we have

Lemma D.1. Let l = (2n+ 1)2m. Then

El
4 − 1

24+m
∈ Z[[q]].

Proof. We rewrite (
l
i

)
=

2m(2n+ 1)(l − 1)!/(l − i)!

i!
,

and factorize the powers of two using Legendre’s formula

ν2(i!) =
∑
k≥1

⌊
i

2k

⌋
<
∑
k≥1

i

2k
= i,

which implies

2m |
(
l
i

)
2i−1 for i ≥ 1. (26)

Writing E4 = 1 + 16Q, i.e.

El
4 − 1 =

l∑
i=1

(
l
i

)
24iQi, (27)

the claim follows.
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But there also more subtle congruences, two of which we list in the fol-
lowing Propositions:

Proposition D.2.

1

2

{
E2

1 − 1

12
+ (2k + 1)

E3 − 1

9

}
∈ Z[[q]].

Proof. We have to show that

1

2

 ∞∑
n=1

∑
3-d|n

d

 qn − (2k + 1)
∞∑

n=1

∑
d|n

(
d

3
)d2

 qn

 ∈ Z[[q]],

but obviously ∑
d|n

(
d

3
)d2 ≡

∑
3-d|n

d2 ≡
∑
3-d|n

d mod 2.

Proposition D.3.

1

4

E4 − 1

16
− 1

8

E2
1 − 1

4
+

1

4
(E2

3 − 1) +
1

8
(E3

1E3 − 1) ∈ Z[[q]].

Proof. We add an obvious congruence to the square of a term that expands
integrally by Proposition D.2 and compute

0 ≡
(
E2

1 − 1

8
+
E3 − 1

2

)2

+
E1 − 1

2

E2
1 − 1

4
E3

=
E4

1 − 1

26
− E2

1 − 1

25
+

1

2

E2
1 − 1

22
(E3 − 1) +

1

22
(E2

3 − 1)− 1

2
(E3 − 1)

+
E1 − 1

2

E2
1 − 1

4
E3

=
E4

1 − 1

26
− E2

1 − 1

25
+

1

22
(E2

3 − 1) +
1

2

E2
1 − 1

4
E1E3 −

(
E2

1 − 1

23
+
E3 − 1

2

)
≡ E4

1 − 1− 8E1E3

26
− E2

1 − 1

25
+

1

22
(E2

3 − 1) +
1

23
E3

1E3

=
E4 − 1

26
− E4

1 − 1

23
− E2

1 − 1

25
+

1

22
(E2

3 − 1) +
1

23
(E3

1E3 − 1),

but (E4
1 − 1)/8 ∈ Z[[q]].
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Lemma D.4.
1

24 · 5
E2

1 − 1

22
≡ 0 mod DΓ

8
.

Proof. We have
1

24 · 5
E2

1 − 1

22
≡ − 1

22

E4 − 1

24 · 5
,

but

−1

4

E4 − 1

80
≡ 90

(
E4 − 1

240

)2

.

Proposition D.5.

2
121(E6

1 − 1)− 152(E3
1E3 − 1) + 40(E2

3 − 1)

27 · 36 · 5 · 7
≡ 1

2

(
E2

1 − 1

4

)3

mod DΓ

8
.

Proof. We start by removing the unwanted primes from the denominator:

2
121(E6

1 − 1)− 152(E3
1E3 − 1) + 40(E2

3 − 1)

27 · 36 · 5 · 7

=
28(E3

1E3 − 1)− 14(E6
1 − 1)− 5(E6 − 1)

26 · 36 · 5 · 7

=
2(E3

1E3 − 1)− (E6
1 − 1)

25 · 36 · 5
− E6 − 1

26 · 36 · 7

≡ 2(E3
1E3 − 1)− (E6

1 − 1)

25 · 36 · 5
−
(

1

23 · 36
− 8

36

)
E6 − 1

23 · 7

=
2(E3

1E3 − 1)− (E6
1 − 1)

25 · 36 · 5
+

1

23 · 34

E6 − 1

23

≡ 2(E3
1E3 − 1)− (E6

1 − 1)

25 · 36 · 5
− 1

23 · 36 · 5
11E2

1 − 10

22
+

1

23 · 34

E6 − 1

23

=
E3

1E3 − E6
1 − E2

1 + 1

24 · 36
+

9E4
1 − 8E1E3 − 1

25 · 36 · 5
E2

1 +
1

23 · 34

E6 − 1

23

=
E3

1E3 − 1

24 · 36
− E6

1 + E2
1 − 2

24 · 36
+

1

2 · 36

E4 − 1

80
E2

1 +
1

23 · 34

E6 − 1

23

≡ E3
1E3

24 · 36
+

1

36

E6
1 − 1

4

E2
1 − 1

4
+

1

2

E4 − 1

16
E2

1 +
1

8

E6 − 1

8

≡ E3
1E3

24 · 36
+

1

8

E6 − 1

8
+

1

2

E4 − 1

16
≡ − 1

24
E3

1E3 +
1

8

E6 − 1

8
,
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where the last step follows from

1

2

E4 − 1

16
≡ −4

(
E4 − 1

16

)2

and

− 1

24
E3

1E3 ≡
1

2

{(
E2

1 − 1

4

)2

E1E3 +
E4 − 1

16
E1E3

}
.

Then we compute

1

26
E6 −

1

24
E3

1E3 = −27

64
E6

1 +
9

16
E3

1E3 −
1

8
E2

3 −
1

16
E3

1E3

=− 27

64
E6

1 −
1

8
E2

3 +
1

2
E3

1E3 ≡ −27

64
E6

1 −
1

8
E2

3 −
1

2
E5

1E3,

and drop the form of weight eight; furthermore, we have

E2
3

8
≡ 1

2

1− E2
1

4
E2

3 =
1− E2

1

4

{
1

2
+ E3 − 1 +

1

2
(E3 − 1)2

}
≡ E2

1 − 1

4

{
1

2
+

1

2
(E3 − 1)2

}
≡ 1

2

{
E2

1 − 1

4
+

(
E2

1 − 1

4

)3
}
.

Finally, we use E6
1/64 ≡ E2

1/64, derived from considering

0 ≡
(
E2

1 − 1

4

)2
E4

1 − 1

8
=
E8

1 − 2E6
1 + 2E2

1 − 1

128
,

and invoke Lemma D.4.

E Derivation of the η̂-form

We use the notation from the proof of Proposition 5.2 and follow [Zha94].
The superconnection associated to the family of SpinC Dirac operators on
the circle bundle S(L) is given by

At = ∇̃+
√
tð− c(T )

4
√
t
.
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Introducing a Grassmann variable z, we may write down a Weitzenböck-type
formula

z

(√
tð +

c(T )

4
√
t

)
− A2

t = t

(
∇e +

T

4t
+ z

c(e)

2
√
t

)2

,

where we identified T on the RHS with a basic two-form (by contraction with
the dual of the vertical unit tangent e). Now we have to compute

Trev

[
dAt

dt
exp(−A2

t )

]
=

1

2t
Trz

[
exp

(
t

(
∇e +

T

4t
+ z

c(e)

2
√
t

)2
)]

,

where Trz denotes the trace restricted to the coefficient of z. We insert
Tr[c(e)] = −i, use a Fourier decomposition of the sections of the spinor
bundle, and perform Poisson resummation to obtain

t−1Trz

[
exp

(
t

(
∇e +

T

4t
+ z

c(e)

2
√
t

)2
)]

= t−1

[∑
k∈Z

exp

(
t

(
ik +

T

4t
− z

i

2
√
t

)2
)]z

= t−1/2

[∑
k∈Z

(
k − i

T

4t

)
exp

(
−t
(
k − i

T

4t

)2
)]

= −iπ
3/2

t2

∑
k∈Z

k exp
(
2πkT/(4t)− k2π2/t

)
.

Since exp(aT ) is to be understood as formal power series, we may integrate
for k 6= 0

k

∫ ∞

0

1

t2

∞∑
l=0

(πkT/(2t))l

l!
exp

(
−k

2π2

t

)
dt

= k

∫ ∞

0

∞∑
l=0

(πkTx/2)l

l!
exp

(
−k2π2x

)
dx

=
1

kπ2

∞∑
l=0

(
T

2πk

)l

=
1

π2

1

k − T
2π

.

Thus, putting everything together, we have

2η̃ =
i

π

∑
k 6=0

1
T
2π
− k

=
i

π

(
π cot

(
T

2

)
− 2π

T

)
=

(
coth

(
T

2i

)
− 2i

T

)
.
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Obviously, we may identify the basic two-form with minus i times the curva-
ture two-form of the hermitian line, i.e. T = −iF ; therefore, the normalized
η̂-form is given by

η̂(ð) =
∞∑

k=1

Bk+1

(k + 1)!

(
iF

2π

)k

.
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