Exercises in Global Analysis 11

v

University of Bonn, Winter Semester 2018-2019 UNIVERSITAT

Professor: Batu Gilineysu
Assistant: Koen van den Dungen

Sheet 12: due on Friday 18 January at 12:00 in Room 1.032.

Rhelnische
Friedrich-Wilhelms-
Universitat Bonn

1 Elliptic differential operators? [8 points]

Are the following differential operators elliptic or not? Prove your answer.

(a) The operator
> 490,00, 2(Q) — E(Q),

ij=1
where (¢7);; is a symmetric positive semidefinite matrix.
(b) The operator
Ovps + Y 9705,05, : DA X R) — E(Q X R),
ij=1
with ¢¥ as above.

(¢) The operator
(1/2)0, + V=10, : 2(R?) — 2(R?).

(d) The operator

where a € &(2,R™).

2 A symbol estimate for ellipticity [6 points]

Show that a differential operator

P=>Y P.0":2(Q) — £(Q)

la|<k

is elliptic, if and only if for each x € €2 there exists C'(z) > 0 such that

L4 [ Pala)¢™] = Cla)(1+ (¢

la|<k



3 Sobolev spaces and diffeomorphisms [6 points]

Let € C R™ be another open subset, let ¢ : Q@ — ' be a diffeomorphism, and let
T:Q — GL(C') be a smooth map. Show that for all s € N, f" € Hy (€, C') one has
T-(f'o¢) € Hy,, (%, C') and that the induced maps

Hlf)c/c(Q,7 Cl) — Hlf)c/c(Qﬂ (Cl)

are isomorphisms of locally convex spaces.
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