
Exercises in Global Analysis II
University of Bonn, Winter Semester 2018-2019
Professor: Batu Güneysu
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1 Elliptic differential operators? [8 points]

Are the following differential operators elliptic or not? Prove your answer.

(a) The operator
m∑

i,j=1

gij∂xi∂xj : D(Ω) −→ E (Ω),

where (gij)ij is a symmetric positive semidefinite matrix.

(b) The operator

∂xm+1 +
m∑

i,j=1

gij∂xi∂xj : D(Ω× R) −→ E (Ω× R),

with gij as above.

(c) The operator
(1/2)∂x +

√
−1∂y : D(R2) −→ D(R2).

(d) The operator
m∑
j=1

(i∂xj − aj)2 : D(Ω) −→ E (Ω),

where a ∈ E (Ω,Rm).

2 A symbol estimate for ellipticity [6 points]

Show that a differential operator

P =
∑
|α|≤k

Pα∂
α : D(Ω) −→ E (Ω)

is elliptic, if and only if for each x ∈ Ω there exists C(x) > 0 such that

1 +

∣∣∣∣∣∣
∑
|α|≤k

Pα(x)ζα

∣∣∣∣∣∣ ≥ C(x)(1 + |ζ|2)k/2.



3 Sobolev spaces and diffeomorphisms [6 points]

Let Ω′ ⊂ Rm be another open subset, let φ : Ω → Ω′ be a diffeomorphism, and let
T : Ω → GL(Cl) be a smooth map. Show that for all s ∈ N, f ′ ∈ Hs

loc/c(Ω
′,Cl) one has

T · (f ′ ◦ φ) ∈ Hs
loc/c(Ω,Cl) and that the induced maps

Hs
loc/c(Ω

′,Cl) −→ Hs
loc/c(Ω,Cl)

are isomorphisms of locally convex spaces.
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