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Abstract. In this article we generalize a part of Neukirch-Uchida theorem for number fields from the
birational case to the case of curves Spec OK,S where S a stable set of primes of a number field K.
Such sets have positive but arbitrarily small Dirichlet density, which must be uniformly bounded from
below by some  > 0 in the tower KS /K.
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Abstract. V to stat~e my obobwim teoremu Nokirha-Uxidy dl qislovyh pole ot biracional~nogo
sluqa k sluqa krivyh Spec OK,S , gde S stabil~noe mnoestvo prostyh idealov v qislovom pole
K . Takie mnoestva imet poloitel~nu plotnost~ Dirihle, kotora uniformno ograniqena
snizu v baxne KS /K .

1. Introduction
The anabelian Neukirch-Uchida theorem ( [7], [10]) states essentially that each isomorphism of the
absolute Galois groups of two global fields comes (up to conjugation) from a unique isomorphism of
the fields. In particular, if the absolute Galois groups are isomorphic, then the fields are isomorphic.
We restrict attention to the case of two number fields, which we call K1 , K2 , calling their absolute
Galois groups GK1 , GK2 (with respect to chosen algebraic closures). The proof of the theorem proceeds
essentially in two steps: first one establish a “local correspondence”, i.e., starting with a given isomorphism
σ : GK1 → GK2 , one constructs a well-behaved bijection between the sets of (non-archimedean) primes
of K1 and K2 , which respects residue characteristics and absolute degrees. From this, it is an exercise
in applying the Chebotarev density theorem to deduce the following partial result: if K1 /Q is normal
and GK1 ∼
= GK2 , then K1 ∼
= K2 . Then in the second (rather technical) step, one deduces from this the
general statement of the theorem.
The aim of this paper is to prove the partial statement mentioned above in a setup with restricted
ramification. While the situation in positive characteristic is quite well-understood due to the influential
works of Tamagawa [9] and Mochizuki [6], the case of arithmetic curves is still remaining completely
unclear. We consider schemes of the form Spec OK,S , where K is a number field, S a set of primes of
positive, but arbitrary small Dirichlet density, and OK,S is the ring of S-integers of K. The striking
condition on S will be that the density of S is not only positive, but also uniformly bounded from below
in a whole tower of extensions of K: δL (S) >  > 0 for some  independent of the finite subextension
KS /L/K (where KS /K denote the maximal extension unramified outside S). Essentially, sets satisfying
a condition of this kind were introduced in [4], where they were called stable. The case of the schemes
Spec OK,S with S stable, can be seen as lying somewhere between the birational case considering Spec K
and the arithmetic case considering Spec OK,S with S a finite set of primes. Clearly, the arithmetic case
is much harder, and a strong anabelian result there seems to be out of scope at the moment. Here is our
main result (for the precise statement see Theorem 4.1):
Theorem 1.1. For i = 1, 2, let Ki be a number field and Si a set of primes of Ki . Assume that
K1 is totally imaginary and normal over Q and that for i = 1, 2, Si is stable in the above sense and
that additionally some mild explicit assumptions hold for Si (see Theorem 4.1). If GK1 ,S1 ∼
= GK2 ,S2 as
topological groups, then K1 ∼
= K2 .
The first step in the proof of this theorem is again a “local correspondence at the boundary”, which
is very similar to the birational case. It is a bijection deduced out of a given isomorphism σ : GK1 ,S1 →
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GK2 ,S2 , between primes of S1 and S2 , which respects the residue characteristics and the absolute degrees
of primes. In contrast to the original proof of Neukirch, we neither need to know that the decomposition
groups of primes in Si are the full local Galois groups, nor that there is a rational prime p invertible
on Spec OK,S . We emphasize that there are examples of even quite “nice” stable sets S, for which no
rational prime is invertible on Spec OK,S (cf. [4] Section 3.4).
Now, after establishing a local correspondence in the birational case, the corresponding result follows
almost directly by an easy application of the Chebotarev density theorem. In the much more general
setup of stable sets a similar argument involving Chebotarev is impossible, since now the Dirichlet density
can get arbitrarily small. Thus one needs further arguments to prove the theorem. Those are given in
Proposition 4.2 and Proposition 4.5 and make use of the stability of the sets Si in a quite tricky way.
Notation. In this paper we use the same notations as in [3]. In particular, p denotes a prime number,
for a pro-finite group G we denote by G(p) its maximal pro-p quotient and by Gp a p-Sylow subgroup.
For a subgroup H ⊆ G, we denote by NG (H) its normalizer in G.
For a Galois extension M/L of fields, GM/L denotes its Galois group. By K we always denote an
algebraic number field, that is a finite extension of Q. If L/K is a Galois extension and p̄ is a prime
of L, then Dp̄,L/K ⊆ GL/K denotes the decomposition subgroup of p̄. If p := p̄|K is the restriction of
p̄ to K, then we sometimes allow us to write Dp̄ or Dp instead of Dp̄,L/K , if no ambiguity can occur.
We write ΣK for the set of all primes of K and S, T will usually denote subsets of ΣK . If L/K is an
extension and S a set of primes of K, then we denote the pull-back of S to L by SL , S(L) or S (if no
ambiguity can occur). We write KS /K for the maximal extension of K, which is unramified outside
S and GS := GK,S for its Galois group. We denote by KST /K the maximal extension of K, which is
unramified outside S and completely split in T . Further, for p ≤ ∞ a (archimedean or non-archimedean)
prime of Q, Sp = Sp (K) denotes the set of all primes of K lying over p and Sf := S r S∞ .
We denote by δK (S) the Dirichlet density of the set S of primes of K.
An outline of the paper. After recalling necessary definitions and facts about stable sets in Section
2, we will in Section 3 establish the local correspondence at the boundary for a given isomorphism of two
Galois groups of the form GK,S with S stable. This is the first step towards a proof of the main Theorem
4.1. In Sections 4.1 and 4.2 we give two further arguments needed in its proof. Finally, in Section 4.3
we prove Theorem 4.1.
Acknowledgements. The results in this paper coincide essentially with a part of author’s Ph.D. thesis
[2], which was written under supervision of Jakob Stix at the University of Heidelberg. The author is
very grateful to him for the very good supervision, and to Kay Wingberg, Johannes Schmidt and a lot
of other people for very helpful remarks and interesting discussions. The work on author’s Ph.D. thesis
was partially supported by Mathematical Center Heidelberg and the Mathematical Institute Heidelberg.
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2. Stable sets
We briefly recall some definitions and results from [4].
Definition 2.1 (part of [4] Definitions 2.4, 2.7). Let S be a set of primes of K and L /K any extension.
(i) Let λ > 1. A finite subextension L /L0 /K is λ-stabilizing for S for L /K, if there exists a
subset S0 ⊆ S and some a ∈ (0, 1], such that λa > δL (S0 ) ≥ a > 0 for all finite subextensions
L /L/L0 . We say that S is λ-stable, if it has a λ-stabilizing extension for L /K. We say that
S is stable for L /K, if it is λ-stable for L /K for some λ > 1. We say that S is (λ-)stable, if
it is (λ-)stable for KS /K.
(ii) Let p be a rational prime. We say that S is sharply p-stable for L /K, if µp ⊆ L and S is
p-stable for L /K or µp 6⊆ L and S is stable for L (µp )/K. We say that S is sharply p-stable,
if S is sharply p-stable for KS /K.
2

Most natural examples of stable sets are given by almost Chebotarev sets: if M/K is a finite Galois
extension and σ ∈ GM/K , then the associated Chebotarev set is defined as
PM/K (σ) := {p ∈ ΣK : p is unramified in M/K and Frobp,M/K is the conjugacy class of σ}.
We say that a set is almost Chebotarev, if it differs from a Chebotarev set only by a subset of density
zero. They are stable in many cases (cf. [4] Corollary 3.4, Corollary 3.6), and even if not, they inherit
many properties of stable sets. Also a stable almost Chebotarev set are sharply p-stable for almost all
rational primes p (cf. [4] Proposition 3.8(ii)).
Theorem 2.2 ( [4], Theorem 5.1(A)). Let K be a number field, p a rational prime and S ⊇ R sets of
primes of K with R finite. Assume that S is sharply p-stable for KSR /K. Then
(
Kp (p), if p ∈ S r R
R
KS,p
⊇
Kpnr (p) if p 6∈ S.
For a Galois extension L /K, an integer i ≥ 0 and a GL /K -module A, let Xi (L /K; A) be the
Tate-Shafarevich group, which is defined by exactness of the sequence
Y
Hi (Lp̄ /Kp ; A),
0 → Xi (L /K; A) → Hi (L /K; A) →
p∈ΣK

where p̄ is any prime of L lying over p. We also write Xi (GL /K ; A) instead of Xi (L /K; A).
Proposition 2.3 ( [4], Proposition 5.13(ii)). Let K be a number field, S a set of primes of K. Let p be a
rational prime, r > 0 an integer. Assume that either p is odd or KS is totally imaginary. Let KS /L /K
be a normal subextension. Assume S is sharply p-stable for L /K and p∞ |[L : K]. Then
2
r
lim
−→ X (KS /L; Z/p Z) = 0.

L /L/K

Remark 2.4. If S contains an almost Chebotarev set, then the global realization result Theorem 2.2
holds for S with respect to all rational primes p (i.e., (KS )p = Kp ), even if S is not sharply p-stable for
some p’s. The proof of this involves further arguments and seems to be much more technical (cf. [5]).
3. Local correspondence at the boundary
Generalizing results of Neukirch, we show that under certain conditions on the set S of primes of K,
the decomposition groups of primes in S are intrinsically determined by GK,S . Since we in general do
not know, whether the decomposition groups are the full local groups, we can not characterize them as
absolute Galois groups of local fields and thus we have to deal with p-Sylow subgroups, which are of
particularly simple kind.
3.1. Some technical preparations. As in [3] we use the following notational short-cut.
Definition 3.1 ( [3] Definition 2.1). A group of p-decomposition type is a non-abelian pro-p Demushkin
group of rank 2.
Thus a group of p-decomposition type is of the form Zp n Zp with Zp ,→ Aut(Zp ) = Z∗p injective (this
follows from [8] 3.9.9, 3.9.11). Such groups have an easy structure theory and one easily describes all
their subgroups explicitly (cf. [3] Lemma 2.2).
Lemma 3.2. Let K be a number field, S a set of primes of K, p a rational prime. Assume S is
stable and sharply p-stable. If p̄ is a prime of KS , let Dp̄,p ⊆ Dp̄ denote a p-Sylow subgroup. For any
p̄1 6= p̄2 ∈ S(KS ) with p̄1 non-archimedean we have inside GK,S :
(Dp̄1 ,p : Dp̄1 ,p ∩ Dp̄2 ,p ) = ∞
and
(Dp̄1 : Dp̄1 ∩ Dp̄2 ) = ∞.
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Proof. An easy index computation shows that one can go up to a finite extension of K inside KS . Using
this, we can assume that p̄1 |K 6= p̄2 |K and (by [4] Lemma 2.7) that for any subextensions KS /L /L/K
with L/K finite, S is sharply p-stable for L /L. Now an application of Theorem 2.2 (with R = {p̄2 |K })
shows that Dp̄2 lies in the kernel of the projection
GK,S  GR
K,S ,
whereas Dp̄1 ,p has infinite image. Thus (Dp̄1 ,p : Dp̄1 ,p ∩ Dp̄2 ,p ) ≥ (Dp̄1 ,p : Dp̄1 ,p ∩ V ) = ∞, where V :=
ker(GK,S  GR

K,S ). The second statement follows from the first.
Lemma 3.3. Let κ be a p-adic field. Let κ0 /κ be a Galois extension containing the maximal pro-pextension of any finite subfield κ0 /λ/κ. Then Gκ0 /κ do not contain any subgroup of p-decomposition
type.


Proof. Is the same as for [3] Lemma 3.2.

Lemma 3.4. Let K be a number field, S a set of primes of K and p a rational prime. Assume S is
sharply p-stable.
(i) Let H0 ⊆ Dp̄ be a subgroup of p-decomposition type, where p̄ ∈ Sf . Then NGK,S (H0 ) ⊆ Dp̄ .
(ii) Let H be a subgroup of GK,S of p-decomposition type. Assume there is an open subgroup H0 ⊆ H
such that H0 ⊆ Dp̄,p for some prime p̄ ∈ Sf . Then H ⊆ Dp̄ .
Proof. (i): Let Dp̄,p ⊆ Dp̄ be a p-Sylow subgroup, containing H0 . First of all, by Lemma 3.3 (which
assumptions are satisfied by Theorem 2.2), p̄ does not lie over p. Consequently, Dp̄,p is also of pdecomposition type (it can not be pro-cyclic, since it already contains H0 ), and hence by [3] Lemma 2.2,
the inclusion H0 ⊆ Dp̄,p is open. Let x ∈ NGK,S (H0 ). Then H0 = xH0 x−1 ⊆ xDp̄ x−1 = Dxp̄ . Thus
Dp̄ ∩ Dxp̄ ⊇ H0 contains an open subgroup of Dp̄,p . Hence Lemma 3.2 implies xp̄ = p̄, i.e., x ∈ Dp̄ .
(ii): Replacing H0 by the intersection of all its H-conjugates, we can assume that H0 is normal in H.

Since H0 is also of p-decomposition type, part (i) implies H ⊆ Dp̄ .
3.2. Characterization of decomposition groups.
Theorem 3.5. Let K be a number field and S a set of primes of K. Assume there is a rational
prime p such that S ⊇ S∞ is sharply p-stable. Let H ⊆ GK,S be of p-decomposition type and assume
that H satisfies the following technical condition: for any intermediate subgroup H ⊆ U ⊆ GK,S with
last inclusion open, p∞ |(U : hhHiiU ) where hhHiiU denotes the minimal closed normal subgroup of U ,
containing H. Then H is contained in a decomposition subgroup of a unique prime in (Sf r Sp )(KS ).
Proof. Let first p̄ be a p-adic prime of KS contained in S(KS ) and let p = p̄|K . By [4] Lemma 2.7, S
is sharply p-stable for KS /L for all finite and big enough subextensions KS /L/K. Thus by Theorem
2.2, (KS )p̄ /Kp satisfies the assumptions of Lemma 3.3, and hence Dp̄ contains no subgroups of pdecomposition type. All this shows that if H ⊆ Dp̄ for some prime p̄ of KS , then p̄ is not p-adic.
Assume now H ⊆ Dp̄ ∩ Dq̄ for two different primes p̄ 6= q̄ in S(KS ). As shown above, p̄, q̄ are
not p-adic. By [3] Lemma 2.2(ii), the inclusions H ⊆ Dp̄,p and H ⊆ Dq̄,p are open (here Dp̄,p , Dq̄,p
are some p-Sylow subgroups of Dp̄ , Dq̄ ). Thus Dp̄,p contains an open subgroup of Dq̄,p , which implies
(Dq̄,p : Dq̄,p ∩ Dp̄,p ) < ∞. This is a contradiction to Lemma 3.2. This contradiction shows the uniqueness
statement in the theorem.
Let H ⊆ GK,S be a closed subgroup of p-decomposition type, which satisfies the technical condition
in Theorem 3.5. By Lemma 3.4(ii) it is enough to show only that an open subgroup of H is contained
in a decomposition group of a prime in Sf r Sp . Hence by [4] Lemma 2.7 we can assume that for all
subextensions KS /L /K, S is sharply p-stable for L /K. Further, if p = 2, by Theorem 2.2 KS is totally
imaginary, hence we can assume that K is totally imaginary in this case. For any H ⊆ U ⊆ GK,S with
L
last inclusion open consider the restriction map H2 (U, Z/pZ) → p∈S(K U ) H2 (Dp,KS /KSU , Z/pZ). The
S
main observation is that
lim
X2 (U, Z/pZ) = 0,
−→
H⊆U ⊆GK,S
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as by our assumption and by Proposition 2.3, for any class α ∈ X2 (U, Z/pZ) there is a subgroup
U ⊇ V ⊇ hhHiiU ⊇ H with first inclusion open, such that the image of α in X2 (V, Z/pZ) is zero. Thus
passing to the direct limit over all open U containing H we obtain an injection:
Z/pZ ∼
= H2 (H, Z/pZ) ,→

Y

H2 (Dp,KS /M , Z/pZ).

p∈S(M )

KSH .

where M :=
Hence there is a prime p ∈ S(M ) with H2 (Dp,KS /M , Z/pZ) 6= 0, this prime is nonarchimedean, since K is totally imaginary if p = 2 and the proof can be finished as in the original paper
of Neukirch [7] Theorem 1 ( also cf. [8] 12.1.9).

Corollary 3.6. Let K be a number field and S a set of primes of K. Assume there is a rational prime
p such that the following hold:
(i) S ⊇ S∞ is sharply p-stable,
(ii) for each p ∈ Sf , we have µp ⊆ KS,p .
Then the topological group GK,S given together with the prime p determines intrinsically the decomposition subgroups of primes in Sf r Sp .
Proof. The proof works exactly as in [3] Section 3.4. For convenience we repeat it here (except for some
technical details). For a prime p of K, let Gp denote the absolute Galois group of the local field Kp and
let Gp,p be one of its p-Sylow subgroups. First of all, since µp ⊂ KS,p for any p ∈ Sf , it follows from
Theorem 2.2 that for any p̄ ∈ (Sf r Sp )(KS ), the composition
Gp,p ,→ Gp  Dp̄ ,→ GK,S
is injective, or with other words, a p-Sylow subgroup of Dp̄ is of p-decomposition type. For any U ⊆ GK,S
open (and small enough) we claim the equality of the following subsets of the set of all subgroups of
p-decomposition type inside U :


H is a subgroup of p-decomposition type satisfying



,
Sylp (U, Sf r Sp ) = H ⊆ U : the technical condition in Theorem 3.5




and maximal of this type
where Sylp (U, Sf r Sp ) denotes the set of all p-Sylow subgroups of decomposition subgroups of primes
in Sf r Sp of the field KSU . Indeed, Theorem 3.5 assures that any group in the right set is contained
in a decomposition group of a prime in Sf r Sp , and by maximality it has to be a p-Sylow subgroup.
Conversely, any group H lying in the left set is of p-decomposition type, satisfies the technical property
from Theorem 3.5 (by Lemma 3.2) and is maximal with these properties. Indeed, to prove maximality
assume H ⊆ H 0 with H 0 of p-decomposition type. This inclusion has to be open by [3] Lemma 2.2(ii)
and thus by Lemma 3.4(ii), H 0 is contained in the same decomposition group as H. Since both are
pro-p-groups and H is a p-Sylow subgroup, we get H = H 0 , proving the maximality of H.
Thus the data (GK,S , p) determine intrinsically the set Sylp (U, Sf r Sp ) for any U ⊆ GK,S open. U
acts on this set by conjugation. We have an U -equivariant surjection
ψ : Sylp (U, Sf r Sp )  (Sf r Sp )(U )
(U acts trivially on the right side), which sends H to the prime p̄|L , such that H ⊆ Dp̄,KS /L , where
L := KSU . By [3] Lemma 3.9 we have a purely group theoretical criterion for two elements on the left side
to lie in the same fiber of this surjection, which allows us to reconstruct the set (Sf r Sp )(U ). For any
inclusion V ,→ U of open subgroups of GK,S , we have (a priori non-canonical) maps Sylp (V, Sf r Sp ) →
Sylp (U, Sf r Sp ), and via ψ they induce the restriction-of-primes maps (Sf r Sp )(V ) → (Sf r Sp )(U ).
Finally, if U ⊆ GK,S is normal, the GK,S -action by conjugation on Sylp (U, Sf r Sp ) induces via ψ the
natural GK,S -action on (Sf r Sp )(U ) by permuting the primes. In this way we have reconstructed the
projective system of GK,S -sets {(Sf r Sp )(U ) : U ⊆ U0 , U / GK,S }, where U0 ⊆ GK,S is some open
subgroup. Now the decomposition subgroups of primes in Sf r Sp are exactly the stabilizers in GK,S of
elements in the GK,S -set lim
(Sf r Sp )(U ).

←−
U ⊆U0 ,U /GK,S
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Remark 3.7.
(i) It is remarkable that Theorem 3.5 and Corollary 3.6 hold even if N(S) = {1}, i.e, if there is no
rational prime invertible on Spec OK,S . Indeed, there are examples of stable sets with arbitrarily
small density which are sharply p-stable for all p and N(S) = {1} ( [4] Section 3.4)
(ii) Observe that sharp 2-stability is equivalent to 2-stability. In particular, the assumptions of
Corollary 3.6 in the case p = 2 reduce to ’S is 2-stable and S ⊇ S∞ ’.
3.3. Local correspondence at the boundary.
Definition 3.8. For i = 1, 2, let Ki be a number field, Si a set of primes of Ki and let
∼

σ : GK1 ,S1 → GK2 ,S2
be a (topological) isomorphism. If U1 is a closed subgroup of GK1 ,S1 with fixed field L1 , we write U2 for
σ(U1 ) and L2 for its fixed field, etc. We say that the local correspondence at the boundary holds
for σ, if the following conditions are satisfied:
(i) For i = 1, 2, there is a finite exceptional set Siex ⊆ Si , such that for any p̄1 ∈ (S1,f r S1ex )(K1,S1 ),
there is a unique prime σ∗ (p̄1 ) ∈ (S2,f r S2ex )(K2,S2 ), with σ(Dp̄1 ) = Dσ∗ (p̄1 ) , such that σ induces
a bijection
∼

σ∗ : (S1,f r S1ex )(K1,S1 ) −→ (S2,f r S2ex )(K2,S2 )
which is Galois-equivariant, i.e.,
σ∗ (g p̄1 ) = σ(g)σ∗ (p̄1 )
for each g ∈ GK1 ,S1 and p̄1 ∈ (S1,f r S1ex )(K1,S1 ). In particular, for any finite subextension L1
of K1,S1 /K1 with corresponding open subgroup U1 ⊆ GK1 ,S1 , if two primes p̄1 , q̄1 ∈ S1,f (K1,S1 )
restrict to the same prime of L1 , then also σ∗ (p̄1 ), σ∗ (q̄1 ) restrict to the same prime of L2 , and
hence σ∗ induces a bijection
∼

σ∗,U1 : (S1,f r S1ex )(L1 ) −→ (S2,f r S2ex )(L2 ).
(ii) For all K1,S1 /L1 /K1 finite with corresponding subgroup U1 ⊆ GK1 ,S1 and for all but finitely
many primes p1 ∈ (S1,f r S1ex )(L1 ), the residue characteristics and the local degrees of p1 and
σ∗,U1 (p1 ) are equal.
Proposition 3.9. For i = 1, 2, let Ki be a number field and Si a stable set of primes. Assume that Ki,Si
is totally imaginary and that Si is sharply p-stable for almost all rational primes p and in particular for
p = 2. Let
∼
σ : GK1 ,S1 −→ GK2 ,S2
be an isomorphism. Then the local correspondence at the boundary holds for σ and moreover, one can
choose Siex to be the set of 2-adic primes in Si . More precisely, for any open subgroup U1 ⊆ GK1 ,S1 ,
σ∗,U1 preserves the residue characteristic and the absolute degree of all primes p ∈ S1 (U1 ), whose residue
characteristic ` is odd and such that Si is sharply `-stable for i = 1, 2.
Proof. To avoid notational problems, let us exceptionally denote by S2-adic (L) the set of 2-adic primes
of a number field L. We apply Corollary 3.6 to (Ki , Si , p = 2) for i = 1, 2. It shows that σ maps
decomposition groups of primes in S1,f r S2−adic to decomposition groups of primes in S2,f r S2−adic .
Thus we can define σ∗ (p̄1 ) by the equality
Dσ∗ (p̄1 ) = σ(Dp̄1 ).
The prime σ∗ (p̄1 ) satisfying this equality is unique by Lemma 3.2. The Galois-equivariance of σ∗ is
straightforward. It remains to show that for any finite subextension K1,S1 /L1 /K1 with corresponding
open subgroup U1 and for any p1 ∈ S1,f (L1 ) with residue characteristic `, which is odd and such that
Si is sharply `-stable for i = 1, 2, the map σ∗,U1 preserves the residue characteristic and the local
absolute degree. For any such ` and any p̄ ∈ S1,f (K1,S1 ) with residue characteristic `, Theorem 2.2
implies that the maximal pro-`-extension of Ki,p is realized by Ki,Si . Let p ∈ Si (Li ) be a prime with
6

residue characteristic ` and p̄ an extension to Ki,Si . Lemma 3.10 shows that Dp̄,KS /Li encodes the
information about the residue characteristic and the absolute degree of p. Thus σ∗,U1 preserves the
residue characteristic and the absolute degree of all primes in S1,f with residue characteristic ` being
odd and such that Si is sharply `-stable for i = 1, 2.

Lemma 3.10. Let κ be a local field with characteristic zero and some residue characteristic ` and λ/κ
a Galois extension with Galois group D, which contains the maximal pro-`-extension of κ. Then the
quantities ` and [κ : Q` ] can be recovered from the pro-finite group D (i.e., if `i -adic fields λi /κi for
i = 1, 2 as above are given, and if there is a continuous isomorphism D1 ∼
= D2 , then `1 = `2 and
[κ1 : Q`1 ] = [κ2 : Q`2 ]).
Proof. Let Gκ be the absolute Galois group of κ. We have a surjection π : Gκ  D, and for any open
U ⊆ Gκ with Gκ /U an `-group, surjections U  π(U )  U (`) , which for any rational prime p induce
injections
H1 (U (`) , Z/pZ) ,→ H1 (π(U ), Z/pZ) ,→ H1 (U, Z/pZ).
For all primes p 6= `, the Fp -dimension of the space on the right (and hence also in the middle) is bounded
by 2, and for p = `, the dimension of the space on the left gets arbitrary big, if U gets arbitrary small
among all subgroups U ⊆ Gκ such that Gκ /U is an `-group. Thus the residue characteristic ` is equal to
the unique prime p, such that dimFp H1 (V, Z/pZ) is unbounded as V varies over all open subgroups of
D, such that D/V is a p-group. Further,
[κ : Q` ] = χ` (Gκ (`), Z/`Z) = χ` (D(`), Z/`Z).



Remark 3.11. The proofs (of Theorem 3.5, Corollary 3.6 and Proposition 3.9) would be less technical
if one would assume the stronger condition: ’KS realize the maximal local extension at each p ∈ Sf ’ on
the involved stable sets S. It is satisfied in the following cases.
(i) If S is defined over a totally real subfield, (not necessarily stable), and S ⊇ S∞ ∪ Sp1 ∪ Sp2 for
two different rational primes p1 , p2 (by [1] Remark 5.3(i)).
(ii) If S is strongly p-stable for all rational p’s (by [4]).
(iii) If S contains an almost Chebotarev set (by [5]).
We conjecture that it is true in general if S is stable.
4. Anabelian geometry of curves Spec OK,S with S stable
Now we state and prove our main result.
Theorem 4.1. For i = 1, 2, let Ki be a number field and Si a set of primes of Ki , such that
K1 is totally imaginary and Galois over Q,
for i = 1, 2, the set Si is 2-stable and is sharply p-stable for almost all p,
there are two odd rational primes under S1 ,
there is an odd rational prime p with Sp ⊆ S2 and Si is sharply p-stable for i ∈ {1, 2}.
∼
∼
,S = GK ,S as topological groups, then K1 = K2 .

(a)
(b)
(c)
(d)
If GK1

1

2

2

4.1. Uniform bound. Besides the local correspondence on the boundary, the following argument plays
a central role in the proof of Theorem 4.1. From now on, we consider all occurring fields to be subfields
of a fixed algebraic closure Q of Q.
Proposition 4.2 (Uniform bound). For i = 1, 2, let Ki be a number field, Si a set of primes of Ki and
let
∼

σ : GK1 ,S1 → GK2 ,S2
be an isomorphism. Assume that the local correspondence at the boundary holds. Assume that S1 is stable.
Then there is some N > 0, such that for all (not necessarily finite) intermediate subfields K1,S1 /M1 /K1 ,
such that M1 is normal over Q, one has [M1 : M1 ∩ M2 ] < N , where M2 /K2 corresponds to M1 /K1 via
σ.
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Lemma 4.3. Let κ be a field. If (Vi )i∈I is a cofiltered system of κ-vector spaces, such that dimκ Vi < n,
and V := −
lim
→ Vi , then dimκ V < n.
I

Proof of Lemma 4.3. For any n vectors in V there is an i ∈ I, such that these vectors has preimages in
Vi . These preimages are linearly dependent. Hence their images in V are linearly dependent.

Proof of Proposition 4.2. Since S1 is stable, by [4] Proposition 2.6, there is some N > 0, such that
δL1 (S1 ) > N −1 for all finite subfields K1,S1 /L1 /K1 . Let M1 be a subextension of K1,S1 /K1 , such that
M1 /Q is normal. By Lemma 4.3 and since M1 is a union of finite extensions of K1 , which are normal
over Q, we can assume that M1 /K1 finite. Let
S10 := (S1 r S1ex )(M1 ) ∩ cs(M1 /Q)(M1 ).
Since M1 /Q is normal, δM1 (cs(M1 /Q)(M1 )) = 1 and hence
δM1 (S10 ) = δM1 (S1 ) > N −1 .
Lemma 4.4. Let S20 := σ∗,U1 (S10 ), where U1 corresponds to M1 . Then
(i) δM2 (S20 ) = δM1 (S10 ).
⊂
(ii) S20 ∼ cs(M1 M2 /M2 ).
Proof of Lemma 4.4. (i) The local correspondence at the boundary implies that there is a subset S100 ⊆ S10
with a finite complement, such that S200 := σ∗,U1 (S100 ) ⊆ S20 has finite complement and such that for any
p1 ∈ S100 , the residue characteristic and the absolute degree of p1 and σ∗,U1 (p1 ) coincide. In particular,
Np1 = Nσ∗,U1 (p1 ) for all p1 ∈ S100 , where Np denotes the norm of the prime p over Q. Hence
P
δM1 (S10 )

=

δM1 (S100 )

= lim

s→1+0

p1 ∈S100

log

Np−s
1

1
s−1

P
= lim

s→1+0

p2 ∈S200

log

Np−s
2

1
s−1

= δM2 (S200 ) = δM2 (S20 ).

(ii): Let p1 ∈ S10 be such that σ∗,U1 preserves the residue characteristic and the absolute degree of p1 .
Let p2 := σ∗,U1 (p1 ) ∈ S20 and p := p2 |M1 ∩M2 . The fiber OM1 M2 ⊗OM2 κ(p2 ) over p2 in Spec OM1 M2 is
isomorphic to (OM1 ⊗OM1 ∩M2 κ(p)) ⊗κ(p) κ(p2 ). By assumption, we have p2 |Q = p1 |Q ∈ cs(M1 /Q) and
hence p ∈ cs(M1 /Q)(M1 ∩ M2 ) ⊆ cs(M1 /M1 ∩ M2 ). This implies that OM1 ⊗OM1 ∩M2 κ(p) is isomorphic
to a product of copies of κ(p). Thus we obtain
Y
OM1 M2 ⊗OM1 κ(p2 ) ∼
κ(p2 ),
=
i.e., p2 is completely decomposed in M1 M2 .



Using Lemma 4.4 and the normality of M1 M2 /M2 , we obtain:
[M1 : M1 ∩ M2 ]−1

=

[M1 M2 : M2 ]−1

=

δM2 (cs(M1 M2 /M2 ))

≥

δM2 (S20 )

=

δM1 (S10 )

>

N −1 .


This proves Proposition 4.2.

4.2. Non-existence of lifts. Last but not least, Proposition 4.5 proven in this section provides the last
argument which we need in the proof of Theorem 4.1. Let L/K be a Galois extension of global fields.
We want to study, under which conditions there is no Galois extension L0 /K0 , such that L/K is a base
change of L0 /K0 , i.e., K0 = K ∩ L0 and L = KL0 .
Proposition 4.5. Let K, L0 be two linearly disjoint Galois extensions of a global field K0 , and set
L = KL0 . Assume one of the following holds:
(a)

– K is a totally imaginary number field and
– L = KSp (p) for some prime number p, or
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(b) There is a prime p of K0 , which is completely split in K, such that for any p̄1 , p̄2 ∈ Sp (L) with
p̄1 |K 6= p̄2 |K , we have Dp̄1 ,L/K 6= Dp̄2 ,L/K .
Then K = K0 .

We will only use part (a) of this proposition.

Proof. Assume (a) holds. Then L/K and L0 /K0 are both Galois with Galois group isomorphic to
GK,Sp (p). By [8] 10.3.20, the number of independent Zp -extensions of K satisfies
rkZp Gab
K,Sp (p) ≥ r2 (K) + 1.
Since GL/K ∼
= GL0 /K0 , the field K0 has at least r2 (K) + 1 independent Zp -extensions. Assume K 6= K0 .
Then [K : K0 ] ≥ 2, and since K is totally imaginary, we obtain:
[K : Q]
+ 1 ≥ [K0 : Q] + 1 > [K0 : Q].
2
But by [8] 10.3.20, the number of independent Zp -extensions of K0 is ≤ [K0 : Q]. This is a contradiction,
hence K = K0 (notice that we nowhere made use of Leopoldt’s conjecture!).
∼
Assume (b) holds. Let ψ : GL/K → GL0 /K0 denote the canonical isomorphism. Assume there are
two different primes p1 6= p2 in K over p. Let q be some prime of L0 over p. One can choose primes
p̄i ∈ Sp (L), such that p̄i |K = pi and p̄i |L0 = q. As p1 , p2 are split over K0 , we obtain that ψ maps Dp̄i ,L/K
isomorphically to Dq,L0 /K0 . But by assumption Dp̄1 ,L/K 6= Dp̄2 ,L/K , hence Dq,L0 /K0 = ψ(Dp̄1 ,L/K ) 6=
ψ(Dp̄2 ,L/K ) = Dq,L0 /K0 , which is a contradiction. Thus there is only one prime over p in K, and since
p is completely split, we obtain [K : K0 ] = 1.

r2 (K) + 1 =

4.3. Proof of Theorem 4.1. By assumption (b) in Theorem 4.1 and Proposition 3.9 the local correspondence at the boundary holds for σ: for any open subgroup U1 ⊆ GK1 ,S1 with fixed field L1 , σ
induces a functorial bijection
∼

∗
σU
: (S1,f r S2−adic )(L1 ) → (S2,f r S2−adic )(L2 ),
1

which preserves the residue characteristic and the absolute degree of all primes in
(S1,f r (S2−adic ∪ T ))(L1 ), with T := {` : S1 or S2 is not sharply `-stable }. We obtain [K2 : Q] ≤ [K1 :
Q] from this. Indeed, by assumption (d) there is an odd prime p with Sp ⊆ S2 and p 6∈ T , and hence σ∗
preserves the residue characteristic and the absolute degree of primes in Sp (K1 ) ∩ S1 by Proposition 3.9.
Hence σ∗ (S1 ∩ Sp (K1 )) = Sp (K2 ) and
[K2 : Q] = dimQp K2 ⊗Q Qp =

X

[K2,p : Qp ] =

≤

X
p∈Sp (K1 )

[K1,σ−1

∗,K1 (p)

[K1,σ−1

p∈(Sp ∩S1 )(K1 )

p∈Sp (K2 )

(4.1)

X

∗,K1 (p)

: Qp ]

: Qp ] = [K1 : Q].

By (c) we have two rational primes p1 , p2 , such that Spj ⊆ S1 , pj > 2. Let p ∈ {p1 , p2 }. The quotient
GK1 ,Sp (p) of GK1 ,S1 is torsion-free (cf. [8] 8.3.18 and 10.4.8). Since K1 is normal over Q, Sp is defined
over Q and the maximal pro-p-quotient of a profinite group is characteristic, we deduce that the field
K1,Sp (p) is normal over Q. Let L2,p be the field corresponding to K1,Sp (p) via σ (a priori, L2,p must not
be equal K2,Sp (p)). We have the following situation:
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K1,Sp (p)

L2,p

H1

K1 .(K1,Sp (p) ∩ L2,p )

H2

K1,Sp (p) ∩ L2,p

K1

H2

K2

K1 ∩ L2,p

K1 ∩ K2
In this diagram the group H1 is a subgroup of GK1,Sp (p)/K1,Sp (p)∩L2,p and of GK1 ,Sp (p). But the first
of these two groups is finite by Proposition 4.2 and the second is torsion-free. Hence H1 = 1, i.e.,
H2 = GK1 ,Sp (p). By Proposition 4.5(a) we get K1 = K1 ∩ L2,p , i.e., K1 ⊆ L2,p . Doing this for p = p1 , p2 ,
we get: K1 ⊆ L2,p1 ∩ L2,p2 = K2 , the last equality being true, since L2,pj /K2 is a pro-pj -extension for
j = 1, 2. By (4.1) we conclude that K1 = K2 .
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