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12. Exercise sheet

Exercise 1 (4 Points):

Let k be a field and let x = (x0 : . . . : xn) ∈ Pnk (k) be a k-rational point. Define the line
` := 〈(x0, . . . , xn)〉 ⊆ kn+1. Show that there exists a canonical isomorphism

TxPnk ∼= Homk(`, kn+1/`).

Hint: Use Exercise 4.i) from Exercise sheet 11.

Exercise 2 (4 Points):

Let X ⊆ P2R be the closed subscheme defined by the equation

x2 + y2 + z2 = 0.

Show that X � P1R, but XC ∼= P1Spec(C), where XC := X ×Spec(R) Spec(C).

Exercise 3 (4 Points):

Let R be a Dedekind ring with field of fractions K and set S := Spec(R). Let X → S be a proper
morphism. Show that the canonical map

X(S)→ X(Spec(K))

is bijective.

Exercise 4 (4 Points):

Let k be an algebraically closed field and let X → Spec(k) be a proper morphism with X reduced
and connected. Let f ∈ Γ(X,OX) be a function and denote by g : X → A1

k the morphism induced
by f .
i) Show that the (set-theoretic) image of g does not contain the generic point of A1

k.
ii) Deduce that Γ(X,OX) ∼= k.
Hint: For i) embed A1

k into P1k.
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