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9. Exercise sheet

Exercise 1 (4 points):

Let f : Y → X be a morphism of schemes and let F be an abelian sheaf on Y . Prove that the
canonical morphism

Hn(X, f∗(F))→ Hn(Y,F)

is an isomorphism for any n ≥ 0 if

i) f is a closed immersion, or

ii) f is affine and F is a quasi-coherent OY -module.

Exercise 2 (4 points):

Let X be a topological space and let F be a sheaf of abelian groups on X. Let X = U ∪ V be an
open covering of X. Prove that there exists a (natural) long exact Mayer-Vietoris sequence

. . .→ Hi(X,F) −→ Hi(U,F)⊕Hi(V,F) −→ Hi(U ∩ V,F) −→ Hi+1(X,F)→ . . . .

Hint: Analyze a suitable spectral sequence.

Exercise 3 (4 points):

Let A be a ring and let d < 0 (the case d ≥ 0 has been handled in the lecture). Prove that

Hi(Pn
A,OPn

A
(d)) ∼=

{
0 if i < n

( 1
x0...xn

A[x−1
0 , . . . , x−1

n ])d if i = n

for every n, i ≥ 0. Here the subscript d denotes the space of homogenous polynomials of degree d.
Thus in particular, H∗(Pn

A,OPn
A

(d)) = 0 if −n− 1 < d < 0.

Hint: Use Čech cohomology for the standard covering of Pn
A. To prove the vanishing statement use

induction on n and the short exact sequence

0→ OPn
A

(d− 1)
x0−→ OPn

A
(d) −→ i∗(OPn−1

A
(d))→ 0

where i : Pn−1
A → Pn

A, (x1 : . . . : xn) 7→ (0 : x1 : . . . : xn).

Exercise 4 (4 points):

Show that

dimkH
i(Pn

k ,Λ
jΩ1

Pn
k/k

) =

{
1 if i = j ≤ n

0 otherwise

and try to find explicit generators. Deduce that Ω1
Pn
k/k

is not an extension of line bundles if n ≥ 2.

Hint: Use the Euler sequence from Exercise sheet 7, Exercise 1.
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