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Pete r Koepke : Check ing N a tu ra l Language P roo fs , H e ls ink i, Sep tem ber 16 , 2010Dem.---OnthesidesAB, B C, C A describesquares[xlvi.]. DrawC L parallel toAG. JoinC G,BK. Thenbecause theangleA C B is right (hyp.), andA C H is right, being theangleof asquare, thesumof theanglesA C B, A CH is tworight angles; thereforeB C, C H areinthesameright line[xiv.]. Inlikemanner
AC,CD areinthesameright line.Again, becauseBAG istheangleofasquare it isarightangle: inlikemanner C A K isaright angle. HenceB A G isequal toC A K: toeachaddB A C, andweget theangle
C AG equal toKAB. Again, sinceBG andCK aresquares,BA isequal toAG, andC A toAK. HencethetwotrianglesCAG,KAB havethesidesCA,AG inonerespectivelyequal tothesidesKA,AB intheother,andthecontainedanglesCAG,KAB alsoequal.Therefore[iv.] thetrianglesareequal; but thepar-allelogramA L isdoubleof thetriangleC AG [xli.], becausetheyareonthesamebaseA G, andbetweenthesameparallels A G andC L. In likemanner theparallelogramA H is doubleof the triangleK A B,becausetheyareonthesamebaseAK, andbetweenthesameparallelsAK andBH; andsincedoublesof equal thingsareequal (Axiomvi.), theparallelogramAL isequal toAH. Inlikemanner it canbeprovedthat theparallelogramB L is equal toB D.Hence thewholesquareA F is equal to thesumof the twosquaresAH andBD.
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Pete r Koepke : Check ing N a tu ra l Language P roo fs , H e ls ink i, Sep tem ber 16 , 2010Computer-supportedformalproofsJ.McCarthy:Checkingmathematicalproofsispotentiallyoneofthemostinterestingandusefulapplicationsofautomaticcomputers....Proofstobecheckedbycomputermaybebrieferandeasiertowritethantheinformalproofsacceptabletomathematicians.Thisisbecausethecomputercanbeaskedtodomuchmoreworktocheckeachstepthanahumaniswillingtodo,andthispermitslongerandfewersteps.McCarthy, J. "Computer Programs for Checking Mathematical Proofs," Proceedings of the Symposium in Pure Math, Recur-siveFunctionTheory,VolumeV, pages219-228, AMS, Providence, RI, 1962.
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AutomaticproofcheckerAutomath(~1967)N.G.deBruijn
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Pete r Koepke : Check ing N a tu ra l Language P roo fs , H e ls ink i, Sep tem ber 16 , 2010TheMIZARsystem(1973-)ofAndrzejTrybulecLanguagemodeledafter``mathematicalvernacular''NaturaldeductionstyleAutomaticproofcheckerLargemathematicallibraryJournalFormalizedMathematicswww.mizar.org ?



Pete r Koepke : Check ing N a tu ra l Language P roo fs , H e ls ink i, Sep tem ber 16 , 2010MIZARexample:ProofofPythagorastheoremforp1,p2,p3stp1<>p2&p3<>p2&(angle(p1,p2,p3)=PI/2orangle(p1,p2,p3)=3/2*PI)holds(|.p1-p2.|^2+|.p3-p2.|^2=|.p1-p3.|^2proofletp1,p2,p3;assumeA1:p1<>p2&p3<>p2&(angle(p1,p2,p3)=PI/2orangle(p1,p2,p3)=3/2*PI);thenA2:euc2cpx(p1)<>euc2cpx(p2)byTh6;A3:euc2cpx(p3)<>euc2cpx(p2)byA1,Th6;A4:euc2cpx(p1)-euc2cpx(p2)=euc2cpx(p1-p2)byTh19;A5:euc2cpx(p3)-euc2cpx(p2)=euc2cpx(p3-p2)byTh19;A6:euc2cpx(p1)-euc2cpx(p3)=euc2cpx(p1-p3)byTh19;A7:angle(p1,p2,p3)=angle(euc2cpx(p1),euc2cpx(p2),euc2cpx(p3))byDef4;A8:|.euc2cpx(p1-p2).|=|.p1-p2.|byTh31;A9:|.euc2cpx(p3-p2).|=|.p3-p2.|byTh31;|.euc2cpx(p1-p3).|=|.p1-p3.|byTh31;hencethesisbyA1,A2,A3,A4,A5,A6,A7,A8,A9,COMPLEX2:91;end;
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− descriptionofthe/somemathematical``reality''?
− argumentative text about the/some mathemat-ical``reality''?

− argumentativetext withinsomesystemof initialassumptions(axioms)?

− Wittgenstein:......?

− abbreviationforsome(long)formalderivation?

− recipeforbuildingaformalderivationifrequired?

− aformalderivationinsomeveryrichformalsystem(Montague:Englishasaformallanguage)?



Pete r Koepke : Check ing N a tu ra l Language P roo fs , H e ls ink i, Sep tem ber 16 , 2010JodyAzzouni:Thederivation-indicatorviewofmathemat-icalpracticeABSTRACT.AversionofFormalismisvindicated:Ordinarymathematicalproofsindicate(oneoranother)mechanicallycheckablederivationoftheoremsfromtheassumptionsthoseordinarymathematicalproofspresuppose.Theindicatorviewexplainswhymathematiciansagreesoreadilyonresultsestablishedbyproofsinordinarylanguagethatare(palpably)notmechanicallycheckable.Mechanicallycheckablederiva-tionsinthiswaystructureordinarymathematical practicewithoutitsbeingthecasethatordinarymathematicalproofscanbe'reducedto'suchderivations.Inthisway,onethreattoformalist-stylepositionsisremoved:Platonicobjectsaren'tneededtoexplainhowmathematiciansunderstandtheimportofordinarymathematicalproofs.(PhilosophiaMathematica,2004)



Pete r Koepke : Check ing N a tu ra l Language P roo fs , H e ls ink i, Sep tem ber 16 , 2010Derivation-indicationN.Bourbaki:Ifformalizedmathematicswereassimpleasthegameofchess,......therewouldremainonlythetaskofwritingoutourproofsinthislanguage,...



Pete r Koepke : Check ing N a tu ra l Language P roo fs , H e ls ink i, Sep tem ber 16 , 2010Derivation-indicationSaundersMacLane:Astoprecision,wehavenowstatedanabsolutestandardofrigor:Amathematicalproofisrigorouswhenitis(orcouldbe)writtenout inthefirst-orderpredicatelanguageL( ∈ ) asasequenceofinferencesfromtheaxiomsZFC,eachinferencemadeaccordingtooneofthestatedrules.[...]Whenaproofisindoubt,itsrepairisusuallyapartialapproximationtothefullyformalversion.



Pete r Koepke : Check ing N a tu ra l Language P roo fs , H e ls ink i, Sep tem ber 16 , 2010Derivation-indication-Mathematiciansagreethatproofscanbewrittenout inincreasinglyformaldetail-Thisleadstoafullyformalderivationaftersome(long)finitetime-Theindicatorfunctionliesmainlyinthenatural languagepartsofproofs-Canoneidentifyindicatorsbynaturallanguageprocessing?-DerivationsmaybederivationsperformedbyanAutomaticTheoremProver(ATP).
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− studiesthesyntaxandsemanticsofthelanguageofproofs,emphasizingnaturallanguageandnaturalargu-mentationaspects

− modelsnatural languageproofsusingcomputer-sup-portedmethodsofformallinguisticsandformallogic

− ``reverseengineering''approachtoderivation-indication

− jointworkwithBernhardSchroderÈ , linguistics;Bonn,Essen,Cologne;www.naproche.net
− developmentofamathematicalauthoringsystemwithaLATEX-qualitygraphicalinterface
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− Todeviseastrictlyformal systemformathematics,implementedbycomputer,whoseinputlanguageisanextensivepartofthecommonmathematicallanguage,andwhoseproofstyleisclosetoproofstylesfoundinthemathematicalliterature.
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|

|Fido
VP:all(Y,cat(Y),chases(X,Y))V:chases(X,Y)|chases
NP:all(Y,cat(Y),...)D:all(...,...,...)every N:cat(Y)cat.

∀Y (cat(Y )→ chases(fido, Y )).



Pete r Koepke : Check ing Na tu ra l Language P roo fs , H e ls ink i, S ep tem ber 16 , 2010Pe te r Koepke : Unders tand ing Na tu ra l Language M athem atica l P roo fs , CUNY Log ic W orkshop , S ep tem ber2009Linguisticanalysis``1divideseveryinteger.''S:all(Y,integer(Y),divides(1,Y))NP:1

|

|1
VP:all(Y,integer(Y),divides(X,Y))V:divides(X,Y)|divides
NP:all(Y,integer(Y),...)D:all(...,...,...)every N:integer(Y)integer.

∀Y (integer(Y )→ 1|Y ).
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↓ StandardorwebeditorTeX-styleinputtext

l Naturallanguageprocessing(NLP)Proofrepresentationstructure(PRS)
l First-ordertranslationFirst-orderlogicformat(TPTP)
l Proofcheckerorautomatictheoremprover(ATP)``Accepted''/``Notaccepted'',witherrormessages
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?

?



Pete r Koepke : Check ing N a tu ra l Language P roo fs , H e ls ink i, Sep tem ber 16 , 2010ComponentsoftheNaprochesystem:linguisticanalysis
− standardanalysisbyaPrologDefiniteClauseGrammar(DCG),thegrammardefinesacontrollednaturallan-guageformathematics(CNL),i.e.aformalsubsetofthecommonmathematicallanguage
− translationintoaformalsemantics(withoutambiguity)
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− formal semantics: proof representationstructures(PRS),extendingdiscourserepresentationstructures(DRS)

− DRS:toolforanaphorresolution(Letxbeaset.Itis...)andforinterpretationofnaturallanguagequantification(Everyprimenumberispositive;aprimenumberispos-itive)

− PRS,moreover,representglobaltextstructurings:The-orem/Proof,introductionsandretractionsofassump-tions
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− translatingthePRSconditionsintosomefirst-orderformat

− useTPTP-format(ThousandsofProblemsforTheoremProvers)

− generaterelevantpremisesforeverycondition
− automatictheoremprover(ATP)usedtoproveeveryconditionfromitsrelevantpremises
− proofisacceptedifATPcanproveeverycondition

− feedbackofsuccess/errormessages
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− TheNaprochesystemallowsnaturalreformulationof(simple)mathematicaltexts

− someexampletextsandpartsofLandau,FoundationsofAnalysishavebeenreformulatedandchecked
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Chapter1fromLandauinNaproche

by Merlin Carl, Marcos Cramer, Daniel KhlweinSeptember 15, 2010AbstractThis is a reformulation of the first chapter of Landau's Grundlagen der Analysis in the Controlled Natural Language of Naproche.Talk about sets is still avoided. One consequence of this is that Axiom 5 (the induction axiom) cannot be formulated; instead we usean induction proof method.Axiom3: For every x, x′� 1.Axiom4: If x′= y ′, thenx= y.Theorem1: If x� y thenx′� y ′.Proof:Assumethat x� y and x′= y ′. Thenbyaxiom4, x= y. Qed.



Pete r Koepke : Check ing N a tu ra l Language P roo fs , H e ls ink i, Sep tem ber 16 , 2010Theorem2: For all x x′� x.Proof:Byaxiom3, 1′� 1. Supposex′� x. Thenby theorem1, (x′)′� x′. Thusby induction, for all x x′� x. Qed.Theorem3: If x� 1 then there is au such that x= u′.Proof:If 1� 1 then there is a u such that 1=u′.Assumex′� 1. If u=x thenx′= u′. So there is au such that x′=u′.Thusby induction, if x� 1 then there isa u such that x=u′. Qed.Definition1:Define + recursively:

x+1=x′.

x+ y ′= (x+ y) ′.Theorem5: For all x, y, z, (x+ y)+ z= x+(y+ z).Proof:Fix x, y.

(x+ y)+ 1= (x+ y)′=x+ y ′= x+(y+1).Assume that (x+ y) + z = x+ (y+ z). Then (x+ y) + z ′= ((x+ y) + z)′= (x+ (y+ z))′= x+ (y+ z)′= x+ (y+ z ′). So (x+ y) +
z ′=x+ (y+ z ′).Thusby induction, for all z, (x+ y)+ z= x+ (y+ z). Qed.Lemma4a: For all y, 1+ y= y ′.Proof:Bydefinition1, 1+ 1=1′.Suppose 1+ y= y ′. Thenbydefinition1, 1+ y ′= (1+ y)′. So 1+ y ′=(y ′)′.Thusby induction, for all y 1+ y= y ′. Qed.
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− Naturallanguageinterfacestoformalmathematics
− Mathematicalauthoringandcheckingtools
− writingtextsthataresimultaneouslyacceptablebyhumanreadersandformal mathematicssystems(``Logicformenandmachines'')
− Tutorialapplications:teachinghowtoprove
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− Naprocheattemptstoimplementpartsofthederivation-indicationapproachtoproofs

− naturallanguagecomponentsserveasindicators
− therearenatural(lylooking)proofsthatarefullyformalwithrespecttotheNaprochesystem
− thisdefinesa``fortifiedformalism'', usinglinguisticmethodsandcomputerimplementations,whichallowstoviewsomenaturalproofsasfullyformal

− cana``fortifiedformalism''helptomediatebetweenthe``twostreams''inthephilosophyofmathematics(for-malistic/naturalistic)?
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ThankYou!


