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PRIMITIVE RECURSIVE SET (ORDINAL) FUNC-
TIONS (R. JENSEN and C. Karp, R. Gandy)

A function F:V — V (F: Ord — Ord) is a primitive recursive set
(ordinal) function iff it is generated by the following scheme

— Pu(Zd)=z;,1<ncw, = (,....,2,), 1 <2<n
— F(x)=0
— Flz,y)=2U{y} (Fla)=aU{a}=a+1)

— C(z,y,u,v) ==z if u€v, =y otherwise
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PRIMITIVE RECURSIVE SET (ORDINAL) FUNC-
TIONS

—  Recursion:

F(z,2)=G(| J{F(u,Z)luez},2,7)
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SET RECURSION
F(z,)=G(| J{F(u,Z)|uez}, 2, 1)
allows course-of-value recursion:

Fr1TC({z}) = | J{F I1'TC{u})|uez}u
U{(z, G (| J{F 1 TC({u})uez}))}
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ORDINAL RECURSION

Fla,%) = G(|J{F(8,2)|B€a},a,T)
= G(lim F(3,%),a,T)

B<a

appears weaker: how can courses-of-values be coded into single
ordinals?
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R. JENSEN AND M. SCHRODER;:

Theorem. Let F': Ord — Ord. Then F' is primitive ordinal recur-
sive ift F' is primitive set recursive.

The Proof uses the constructible hierarchy.
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THE CONSTRUCTIBLE HIERARCHY (GODEL)
_ LO:@

— Ly = Def(L,) = the set of all subsets of L, which are
first-order definable in the structure (L., € ) from parame-
ters

— Ly=U,_, Lo, if Xis a limit ordinal

—  L=U,cou La is the constructible universe
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THE CONSTRUCTIBLE HIERARCHY

\ L= L,
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THE CONSTRUCTIBLE HIERARCHY

Every element of L is of the form

rog = {UQEL%’LO{OI: cpg(uo,xl,...)}
= {UQELO(O’LO(OIZ gO()(”UJ(), {uléLal‘Lallz@1(@61,332,...)},...)}
= {uy € LoLay F @o(wo, {1 € La,|La, F @1(uy, {us €

Lol Lo, E 0o(tn, 3,0}, )}, )

and can be “named” by a finite sequence of ordinals like

o, Lo, 1, L1, A2, P2, ..
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THE CONSTRUCTIBLE HIERARCHY
Finite sequences of ordinals can be coded by single ordinals due to
GODEL pairing functions: there are primitive recursive ordinal
functions G, GG, GG such that

—  G:0Ord x Ord « Ord

— YaG(Gia),Ga)) =«

The basic operations for the (coded) constructible universe are
primitive recursive ordinal functions (Takeuti; Jensen, Schroder)
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RECURSIVE ORDINAL FUNCTIONS (Jensen, Karp)

A function F: V — V (F: Ord — Ord) is a set (ordinal) recursive
function ift it is generated by the above scheme together with the
minimisation rule

— F(@)=min{&|G(&,7) =0}, provided that
VZIEG(E,2)=0
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RECURSIVE ORDINAL FUNCTIONS
Theorem. For f: Ord — Ord the following are equivalent:
—  f is ordinal recursive

— f is set recursive
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TURING machines
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Ordinal TURING machines (OTMs)
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Ordinal TURING machines (OTMs)

e successor steps of computations are determined by stan-
dard commands:

m: if read=0 (or 1) then write O (or 1), go
right (or left), and jump to instruction n

e limit steps A are determined by liminf’s:
e command(\) = liminf,.)command(«)
e head(\) = liminf, ) head(«)

o cell (\)=liminf,.,cell,(a)
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OTM Computability < constructibility

Theorem (K) A set X of ordinals is OTM computable iff X € L,
i.e. if X is constructible.

Proof. ( — ) Any OTM computation can be carried out inside the
model L, hence X € L.
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( < ) The following OTM algorithm computes all constructible
sets: assume that a structure (X, R) is written on the tape which
is (pre-)isomorphic to (L., € ). Extend (X, R) to a structure (X,
R') (pre-)isomorphic to (L4s1, € ): for each € -formula ¢(vy,
Vly ooy Upy) and xq, ..., ¢, € X pick a new point z € X'\ X and for
xo€ X let

roR z ift (X,R)E plxy,xq,..., 2,

Every constructible set of ordinals occurs in the construction and
is hence OTM computable.
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Total functions Ord — Ord

Theorem (K, B. Seyfferth) f: Ord — Ord is OTM computable iff
f 1S Al(L)
Proof (— ) Let f be computable by the program P.

f(a)= @ iff decomputation C' according to P with input « and

output
iff dcomputation C' € L according to P with input «

and output o
iff Vcomputation C' € L(if C' is according to P with

input « then C' outputs 3
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(« ) Let f: Ord — Ord be defined in (L, € ) by the ¥-formula
@©(x,y). Then compute f(«) as follows: enumerate L as described
above. In the enumeration search for some structure (X, R) and
r,y € X such that (X, R)F ¢(x, y) and otpr(x) = «, otpr(y) =
3.
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Register machines
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Ordinal register machines, (ORMs)
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ORM Computability < constructibility

Theorem (K, R. Siders) A set X of ordinals is ORM computable
ift X €L, ie if X is constructible.

Proof. (— ) Any ORM computation can be carried out inside the
model L, hence X € L.
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ORM Computability < constructibility

(<) Since L has a canonical wellordering every point x € L can
be “named” by a single ordinal « ; x is the “interpretation” I(«) of
the name a . To compute Y¢-properties of I(«) one suffices to
compute Y¢-properties of sets I(a’) with o’ < . This amounts to

a recursion which can be organised by a stack. Such stacks can be
emulated by ORMs.
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A recursion theorem

Let H: Ord’ — Ord be ORM computable. Define

J1itfdv<aH(a,v,F(v))=1
F(&)_{ 0 else

Then F': Ord — Ord is ORM computable.
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A recursion theorem

Flao)=1if d<a H(a,B,F(B))=1

///\
\ " //\\

F'(0) ‘ F(7)
FO)  F(5)
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A recursion theorem
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A recursion theorem
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Search for a good path using a stack F'(«)?, F'(3)7, F(7v)?,...
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A recursion theorem

Code the stack ay> a1 > ... > a,,_1 into one register

Ry= 3%+ 3% 4 . 4 3024 301,
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The constructible model L

\ I |
L=\) L,
\\ // L | F
L,
x\ i 1 oa
| /
\ [
\\
La = 387
Fla)=1

iff 36 <o H(a, 8,F(f)) =1
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Total functions Ord — Ord

Theorem (K) f: Ord — Ord is ORM computable iff f is Ay(L).
Proof. (— ) Let f be computable by the program P.

f(a)= 3 iff decomputation C' according to P with input « and

output
iff dcomputation C' € L according to P with input «

and output o
iff Vcomputation C' € L(if C' is according to P with

input « then C' outputs 3
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(« ) Let f: Ord — Ord be defined in (L, € ) by the formula
Az(x, y, z) where ¢ is ¥y. Then compute f(«) as follows: com-

pute a “name” a for « ; search for ordinals 5 and « such that
Yo, I(B), I()); if such B, v are found, compute and output

B=1(5).
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Theorem. For f: Ord — Ord the following are equivalent:
—  f is recursive a la Jensen and Karp
—  fis Ay(L)
—  f1s OTM computable

— f is ORM computable
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The CHURCH-TURING thesis according to
ODIFREDDI

For f:w — w the following are equivalent:
—  f is recursive
— f is finitely definable
— f is HERBRAND-GODEL computable

— f is representable in a consistent formal system extending

R
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The CHURCH-TURING thesis according to
ODIFREDDI

For f:w— w the following are equivalent:
—  f is recursive
—  f is flowchart (or “while”) computable

—  f is A-computable
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Theorem. For f: Ord — Ord the following are equivalent:
—  f is recursive a la Jensen and Karp
—  fis Ay(L)
— f is OTM computable
— f 18 ORM computable
—  f 1s “while” computable on the ordinals

— f is computable by the methods of KRIPKE, PLATEK,
MACHOVER, TAKEUTI
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Conclusion

There is a stable and well-characterised notion of effectively com-
putable ordinal function.



