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Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011UncountablecombinatoricsManynotionsinuncountablecombinatoricshavetheform:forallpremises...thereisanembeddingπ:M→Nwithproperties...
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Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Example:downwardLowenheimÈ -SkolemforeveryinfinitestructureNthereisanelementaryembeddingπ:M →NwithM beingcountable
π
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Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Example:Chang'sconjecture(CC)foreverystructureN = (N , N0, 	 ) withcard(N ) = ℵ2 and
card(N0) = ℵ1thereisanelementaryembeddingπ:M →NwhereM = (M ,M0,	 )andcard(M ) = ℵ1andcard(M0) = ℵ0

π
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Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Example:GeneralizedChang'sconjecture(CC(κ,λ))foreverystructureN = (N , N0, 	 ) withcard(N ) = κ+ and
card(N0) = κthereisanelementaryembeddingπ:M →NwhereM = (M ,M0,	 )andcard(M ) = λ+andcard(M0) = λ

π

M N
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Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Example:κ isameasurablecardinalThereisanelementaryembeddingπ: (V ,∈ )→ (N ,∈ )withatransitiveinnermodelN andcriticalpointκ ,i.e.π ↾ κ =
idandπ(κ)>κ

π
V N

κ



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011LargecardinalsIfκ ismeasurablethenκ is(weakly)inaccessible
− κ isaregularcardinal
− κ isalimitcardinal



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Gettinglargecardinals?DoessomecombinatorialpropertyimplythattherearelargecardinalsinsomeinnermodelM?
π

A B � M N



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011(Some)largecardinals

− Supercompact

− Woodincardinals
− strong

− measurable
− ErdosÈ cardinals
− weaklyinaccessibleandstronglyinaccessible



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Example:κ isastrongcardinalForeverysetxthereisanelementaryembeddingπ: (V ,∈ )→ (N ,∈ )withatransitiveinnermodelN andcriticalpointκsuchthatx∈
N

π
V N

κ

x



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Example:κ isasupercompactcardinalForeveryλthereisanelementaryembeddingπ: (V ,∈ )→ (N ,∈ )withatransitiveinnermodelN andcriticalpointκ suchthat
π(κ)>λandλN ⊆N.

π

V N

κ



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011FormalizinglargecardinalpropertiesinZFCCanonereplacetheclassquantifiers``thereisamapπ:
V →	 ''bysetquantifiers?Standardmethod:ultrapowersmodulosomeultrafiltersMoregeneral:extensionsmodulosomeextenderIdea:usesufficientlylongset-sizedinitialsegmentsofmapsinsteadwholemaps
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κ isameasurablecardinal,formalizedinZFCThereisaset-sizedelementaryembeddingπ: (Hκ+,∈ )→ (N ,∈
)withatransitivemodelN andcriticalpointκ,i.e.π ↾ κ= idand
π(κ)>κ

π
V N

κ
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κ isastrongcardinal,formalizedinZFCForeverysetxthereisaset-sizedelementaryembeddingπ: (Hκ+, ∈ )→ (N , ∈
)withatransitivemodelN andcriticalpointκsuchthatx∈N

π
V N

κ



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011ExtendersAnextenderatκ isacofinalelementarymapE: (Hκ+,∈ )→ (N ,

∈ )withtransitivesetmodelN andcriticalpointκ.
E

Hκ+ N

κ



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011ExtensionsdeterminedbyextendersLetE: (Hκ+,∈ )→ (N ,∈ )beanextenderatκ.ThenthereisanextensionπE: V → Ñ withtransitiveÑ suchthatπE ⊇E.
πE

Hκ+ N

κ

V
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(Ñ , ∈̃)
‖ ‖⋃

A∈I

A

‖ ‖

dir lim
A6B∈I

((A,∈ ),⊆ )

‖ ‖

dir lim
A6B∈I
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E

πE

V Ñ



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Wellfoundedness

− weneed(Ñ , ∈̃) tobewellfounded
− ingeneral,fordom(E) � Hκ+,(Ñ , ∈̃) isnotwellfounded
− therearecriteriaandtechniquestoensurewellfounded-ness
− incasedom(E) =Hκ+,(Ñ , ∈̃) iswellfounded



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011ComparinglargecardinalsTheorem.Letκbestrong.Thenκ ismeasurableandtheirarecofinallymanymeasurablecardinalsbelowκ.Proof.BystrongnesstakeE0:Hκ+ →N tobeanextenderwithcriticalpointκ.Bystrongnesstakeanelementaryembeddingπ: V → M withcriticalpointκandE0∈M.
M �``κ ismeasurable'',sinceE0∈M.
M �``∃λ<π(κ): λ ismeasurable''.
V � ``∃λ<κ: λ ismeasurable'',sinceπ iselementary.Qed.



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Thelinear(?)hierarchyoflargecardinalsForsettheoreticpropertiesAandBdefineA≺B iff
B→ thereisamodelofA(``BhasgreaterconsistencystrengththanA'')Heuristicallythe``known''largecardinalsarelinearlyorderedby≺:inaccessible≺ ErdosÈ ≺ measurable≺ strong≺ Woodin≺supercompact



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Calibratingconsistencystrengthsbylargecardinals(?)
A andB havethesameconsistencystrengthifevery(count-able)modelofZFC + A can``uniformlybetransformed''intoa(countable)modelofZFC + B andviceversa(forcing,innermodels,...).Heuristicallyatypicalcombinatorialprinciplehasthesameconsistencystrengthassomelargecardinalproperty.



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011CalibratingconsistencystrengthsbylargecardinalsForcing:groundmodelM � genericextensionM [G]⊇M



M �ZFC+A

M [G]�ZFC+B

A

B



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011CalibratingconsistencystrengthsbylargecardinalsInnermodel:modelN� innermodelM ⊆N



M �ZFC+A

N �ZFC+B

A

B



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011TheinnermodelLDefinetheconstructiblehierarchy
− L0= ∅

− Lα+1= Def(Lα),i.e.,thecollectionofallX ⊆Lαwhicharedefinableoverthestructure(Lα,∈ )withparameters
− Lλ=

⋃
α<λ

Lα foralllimitordinalsλTheconstructibleuniverseisthemodel(L,∈ )where
L=

⋃

α∈Ord

Lα
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Lα

Lα+1⊆P(Lα)



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011TheinnermodelL
− L isaninnermodelofsettheory,i.e.,L isatransitiveclasscontainingallordinalsandL�ZFC

− Condensation:Ifπ: (X,∈ ′ )→ (Lβ ,∈ ) iselementarythen
(X,∈ ′ )D (Lα,∈ ) forsomeα

− L isamodelofcombinatorialprincipleslikethegeneral-izedcontinuumhypothesis(GCH),♦,�,...
− L isthe⊆-smallestinnermodel
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Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Recall:UncountablecombinatoricsManynotionsinuncountablecombinatoricshavetheform:forallpremises...thereisanembeddingπ:M→Nwithproperties...
π

M N



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Recall:LargecardinalsThereisanelementaryembeddingπ: (V ,∈ )→ (N ,∈ )withatransitiveinnermodelN andcriticalpointκ ,i.e.π ↾ κ =
idandπ(κ)>κ,and.....................

π
V N

κ



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Recall:GettinglargecardinalsininnermodelsInnermodel:modelN� innermodelM ⊆N

M �ZFC+A

N �ZFC+B

A

B



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Recall:TheinnermodelL
Lα

Lα+1⊆P(Lα)

L0

L



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Recall:Chang'sconjectureforeverystructureN = (N , N0, 	 ) withcard(N ) = ℵ2 and
card(N0) = ℵ1thereisanelementaryembeddingπ:M →NwhereM = (M ,M0,	 )andcard(M ) = ℵ1andcard(M0) = ℵ0

π

M N

M0 N0



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Chang'sconjectureandlargecardinalsForN = (Lℵ2
,ℵ1,∈ ,	 ) takeanelementaryembedding

E : (M ,M0,∈′ ,	 )→ (Lℵ2
,ℵ1,∈ ,	 )wherecard(M ) = ℵ1andcard(M0) = ℵ0Bycondensation(M ,∈′ )D (Lα,∈ ),andsowlog

E : (Lα,M0,∈ ,	 )→ (Lℵ2
,ℵ1,∈ ,	 )whereα>ℵ1andEhasacountablecriticalpointκ
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N �ZFC+ CC

A

B

Lℵ2

Lα

L�ZFC+A

E



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Chang'sconjectureandlargecardinalsTheoremChang'sconjectureimpliesthatthereisaninacces-siblecardinalinL.HenceChang'sconjecture< inaccessible.ProofLetκbethecriticalpointofE.κ isinaccessibleinLα.Sinceα>ℵ1,κ isinaccessibleinLℵ1

.BytheargumentforGCH,P(κ)∩L= P(κ)∩Lℵ1

.Henceκ isinaccessibleinL.Qed.
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πE

L L

Lκ+

E ↾Lκ+

LsupE[κ+]
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0#Chang'sconjectureimpliestheexistenceofanontrivialele-mentaryembeddingπE: (L,∈ )→ (L,∈ ).Wesay``0#exists''forthefactthatthereisanontrivialelemen-taryembeddingπ: (L,∈ )→ (L,∈ ).Actually,onecanthendefineauniqueset0# whichisthecanonical,minimalextenderonL whichgeneratessuchanembedding.



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011TheJensencoveringtheoremTheorem(Jensen).If0#doesnotexistthenL coversV ,i.e.,foreveryX ∈V ,X ⊆Ord thereexistsY ∈Lsuchthat
X ⊆Y andcard(Y )6 card(X) + ℵ1

Y
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0#andthesingularcardinalhypothesisTheorem(Jensen).Assume0# doesnotexistand∀n < ω:
2ℵn= ℵn+1.Then

2ℵω= ℵω+1
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0#andthesingularcardinalhypothesisProof.Choosefunctionsfn:P(ℵn)↔ℵn+1 \ℵnForX ∈P(ℵω)defineX ′= {fn(X ∩ℵn)|n<ω}∈ [ℵω]
ωChooseX ′′∈LsuchthatX ′⊆X ′′⊆ℵωandordertype(X ′′)<ℵ2

X� (X ′′, {i <ℵ2| thei-thelementofX ′′ isanelementofX ′})isaninjectionP(ℵω)PL(ℵω)×P(ℵ2).Hence
2ℵω= card(P(ℵω))6 card(PL(ℵω)) · card(P(ℵ2))6ℵω+1 · ℵ3= ℵω+1Qed.
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− Supercompact

− Woodincardinals
− strong

− measurable
− 0#exists
− weaklyinaccessibleandstronglyinaccessible
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0# transcendsLTheorem.0# � L.Proof.Assume0#∈L.
0# isanextenderonL,andletπ: L→ Lbethenontrivialele-mentaryembeddinginducedby0#.Letκbethecriticalpointofπ.
L�''thereisanextenderonLwithcriticalpoint<π(κ)''.
L�''thereisanextenderonLwithcriticalpoint<κ ''Contradictiontominimalchoiceof0#.Qed.
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L� 0#� L0#� (0#)#� L(0#)#� ((0#)#)#� 	 ???



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011ConstructibleextendermodelsDefineacoremodelwithextendersequenceE
− K0= ∅,E(0) = ∅

− Kα+1=Def(Kα,∈ , E ↾α),E(α+ 1) = ∅

− forlimitordinalsλ:Kλ=
⋃

α<λ
Kα;moreoverifthereisauniquelydetermined``good''extenderE : (Kγ ,∈ , E ↾ γ)→

(Kλ,∈ , E ↾λ) thenletE(λ) =E ;otherwiseE(λ) = ∅Thenthecoremodelisthemodel(K,∈ )where
K =

⋃

α∈Ord

Kα



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Recall:ExtendersAnextenderatκ isacofinalelementarymapE: (Hκ+,∈ )→ (N ,

∈ )withtransitivesetmodelN andcriticalpointκ.
E

Hκ+ N

κ
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E: (Kγ ,∈ , E ↾ γ)→ (Kλ,∈ , E ↾λ)

E
Kγ Kλ

κ
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E: (Kγ ,∈ , E ↾ γ)→ (Kλ,∈ , E ↾λ) isgoodif
− (Kλ, ∈ , E ↾ λ) isamodelofZFCexceptthepowersetaxiom

− E isanelementarymapwithcriticalpointκ
− Kγ= (Hκ+)Kλ

− certainextensionsanditeratedextensionsformedfrom
Earewellfounded

− moreover,theseextensionsanditerationshavetobefinestructural
− ......



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011TheDodd-JensencoremodelAssumethatthereisnoinnermodelinwhichthereisamea-surablecardinal.Thenthemodel K iscalledtheDodd-Jensencoremodel,denotedbyKDJ

KDJ isanL-likeinnermodelofsettheory
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− KDJ isaninnermodelofsettheory
− (Condensationfailsingeneral)
− KDJ isamodelofGCH,♦,�,...



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011TheDodd-JensencoremodelTheorem(cont).Assumethereisnoinnermodelwithamea-surable.Then

− Thereisnonontrivialelementaryembeddingπ: KDJ →
KDJ

− KDJcoversV ,i.e.,foreveryX ∈V ,X ⊆Ord thereexists
Y ∈KDJsuchthat

X ⊆Y andcard(Y )6 card(X) + ℵ1
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card(N0) = κthereisanelementaryembeddingπ:M →NwhereM = (M ,M0,	 )andcard(M ) = λ+andcard(M0) = λ

π
M N

M0 N0



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Chang'sconjectureandErdosÈ cardinalsTheorem(Donder-Silver)CC(ℵ1,ℵ0) impliesthat,inKDJ,ℵ2
V isanℵ1-ErdosÈ cardinal.HenceCC(ℵ1, ℵ0) hasthesameconsis-tencystrengthasanℵ1-ErdosÈ cardinal.



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011HigherChang'sconjecturesandmeasurablecardinalsTheorem(K)CC(ℵ2, ℵ1) impliesthatthereisaninnermodelwithameasurablecardinal.HenceCC(ℵ2,ℵ1) < measurable.



Pe ter Koepke : T echn iques fo r G et tin g La rge C a rd ina ls in Inner M ode ls , B rus sels , February 17 -18 , 2011Thesingularcardinalhypothesisandmeasurablecardi-nalsTheorem(Dodd-Jensen).Assumethat thereisnoinnermodelwithameasurablecardinaland∀n<ω: 2ℵn= ℵn+1.Then
2ℵω= ℵω+1
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∀n<ω: 2ℵn= ℵn+1 and 2ℵω� ℵω+1isequaltothatoftheexistenceofmeasurablecardinalsofhighMitchellorder.TheinnermodeldirectionoftheresultuseshighercoremodelsformedundertheassumptionthattherearenoinnermodelswithmeasurablecardinalsofhighMitchellorder.
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− combinatorialpropertiesandlargecardinalsmaybecharacterizedbyembeddingproperties
− embeddingpropertiesmaybemirroredintoinnermodelsandbecomelargecardinalproperties
− thisallowsestimatesofconsistencystrengths
− appropriateinnermodelsareGodelsÈ constructibleuni-verseandcoremodelsbyDodd-Jensenandothers
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ThankYou!


