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Naturallanguageproofsandformalproofs
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Formalproofs

N.Bourbaki

Ifformalizedmathematicswereassimpleasthegameofchess,thenonceourchosenformal-

izedlanguagehadbeendescribedtherewouldremainonlythetaskofwritingoutourproofsin

thislanguage,[...]But thematterisfarfrombeingassimpleasthat,andnogreatexperience

isnecessarytoperceivethatsuchaproject isabsolutelyunrealizable: thetiniestproofat the

beginningsof theTheoryofSetswouldalreadyrequireseveralhundredsofsignsforitscom-

pleteformalization. [...] formalizedmathematicscannot inpracticebewrittendowninfull, [...]

Weshall thereforeveryquicklyabandonformalizedmathematics,[...]

SaundersMacLane

Astoprecision,wehavenowstatedanabsolutestandardofrigor:Amathematicalproofisrig-

orouswhenit is(or couldbe)writtenout inthefirst-order predicatelanguageL( ∈ ) asa

sequenceof inferencesfromtheaxiomsZFC,eachinferencemadeaccordingtooneof the

statedrules. [...]Whenaproof isindoubt, itsrepair isusuallyapartial approximationtothe

fullyformalversion.
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Computer-supportedformalproofs

J.McCarthy:

Checkingmathematicalproofsispotentiallyoneofthemostinterestingandusefulapplications

ofautomaticcomputers.Computerscanchecknotonlytheproofsofnewmathematical theo-

remsbut alsoproofsthat complexengineeringsystemsandcomputer programsmeet their

specifications.Proofstobecheckedbycomputermaybebrieferandeasiertowritethanthe

informalproofsacceptabletomathematicians.Thisisbecausethecomputercanbeaskedto

domuchmoreworktocheckeachstepthanahumaniswillingtodo,andthispermitslonger

andfewersteps. . . .Thecombinationofproof-checkingtechniqueswithproof-findingheuris-

ticswill permitmathematicianstotryout ideasforproofsthat arestill quitevagueandmay

speedupmathematicalresearch.

McCarthy, J. "Computer Programs for Checking Mathematical Proofs," Proceedings of the Symposium in Pure Math, Recur-

siveFunctionTheory,VolumeV, pages219-228, AMS, Providence, RI, 1962.
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Automaticproofchecker

Automath(~1967)

N.G.deBruijn
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FromtheAutomathformalizationofE.Landau,GrundlagenderAnalysis,1930

byL.S.vanBenthemJutting,1979:

also [x0; 0] 6= [1; 0];[x; 0]0 6= [1; 0]:4) Aus [x; 0]0 = [y; 0]0folgt [x0; 0] = [y0; 0];x0 = y0;x = y;[x; 0] = [y; 0]:5) Eine Menge [M] von Zahlen aus [Z] habe die Eigenschaften:I) [1; 0] geh�ort zu [M].II) Falls [x; 0] zu [M] geh�ort, so geh�ort [x; 0]0 zu [M].Dann bezeichneM die Menge der x, f�ur die [x; 0] zu [M] geh�ort.Alsdann ist 1 zu M geh�orig und mit jedem x von M auch x0 zu Mgeh�orig. Also geh�ort jede positive ganze Zahl x zu M, also jedes[x; 0] zu [M].Da Summe, Di�erenz, Produkt und (wofern vorhanden) Quo-tient zweier [�; 0] nach Satz 298 den alten Begri�en entsprechen,desgleichen die Zeichen �[�; 0] und j[�; 0]j; da man[�; 0] > [H; 0] f�ur � > H;[�; 0] < [H; 0] f�ur � < Hde�nieren kann, so haben also die komplexen Zahlen [�; 0] alleEigenschaften, die wir in Kapitel 4 f�ur reelle Zahlen bewiesenhaben, und insbesondere die Zahlen [x; 0] alle bewiesenen Eigen-schaften der positiven ganzen Zahlen.Daher werfen wir die reellen Zahlen weg, ersetzen sie durchdie entsprechenden komplexen Zahlen [� 0] und brauchen nur vonkomplexen Zahlen zu reden. (Die reellen Zahlen verbleiben aberpaarweise im Begri� der komplexen Zahl.)De�nition 72: (Das freigewordene Zeichen) � bezeichnet diekomplexe Zahl [�; 0], auf die auch das Wort reelle Zahl �ubergeht.Ebenso hei�t jetzt [�; 0] bei ganzem � ganze Zahl, bei rationalem �rationale Zahl. bei irrationalem � irrationale Zahl, bei positivem �positive Zahl, bei negativem � negative Zahl.Also schreiben wir z. B. 0 statt n, 1 statt e.Nunmehr k�onnen wir die komplexen Zahlen mit kleinen odergro�en Buchstaben beliebiger Alphabete (auch promiscue) bezeich-nen. F�ur die folgende spezielle Zahl ist aber ein kleiner lateinischerBuchstabe �ublich auf Grund derDe�nition 73: i = [0; 1]:Satz 300: ii = �1:Beweis:ii = [0; 1][0; 1] = [0 � 0� 1 � 1; 0 � 1 + 1 � 0]= [�1; 0] = �1:Satz 301: F�ur reelle u1, u2 istu1 + u2i = [u1; u2]:118



ic:=pli(0,1rl):complex+10300t1:=tsis12a(0,1rl,0,1rl):is(ts(ic,ic),pli(mn"r"(ts"r"(0,0),ts"r"(1rl,1rl)),pl"r"(ts"r"(0,1ts"r"(1rl,0))))t2:=tris(real,mn"r"(ts"r"(0,0),ts"r"(1rl,1rl)),m0"r"(ts"r"(1rl,1rl)),m0"r"(1rl),pl01(ts"r"m0"r"(ts"r"(1rl,1rl)),ts01(0,0,refis(real,0))),ism0"r"(ts"r"(1rl,1rl),1rl,satz195(1rl))):is"r"(mn"r"(ts"r"(0,0),ts"r"(1rl,1rl)),m0"r"(1rl))t3:=tris(real,pl"r"(ts"r"(0,1rl),ts"r"(1rl,0)),ts"r"(1rl,0),0,pl01(ts"r"(0,1rl),ts"r"(1rl,ts01(0,1rl,refis(real,0))),ts02(1rl,0,refis(real,0))):is"r"(pl"r"(ts"r"(0,1rl),ts"r"(1rl,0t4:=isrecx12(mn"r"(ts"r"(0,0),ts"r"(1rl,1rl)),m0"r"(1rl),pl"r"(ts"r"(0,1rl),ts"r"(1rl,0)),0,t2,t3):is(pli(mn"r"(ts"r"(0,0),ts"r"(1rl,1rl)),pl"r"(ts"r"(0,1rl),ts"r"(1rl,0))),cofrl(m0"r"(1rl)))t5:=satz298j(1rl):is(cofrl(m0"r"(1rl)),m0(1c))-10300satz2300:=tr3is(cx,ts(ic,ic),pli(mn"r"(ts"r"(0,0),ts"r"(1rl,1rl)),pl"r"(ts"r"(0,1rl),ts"r"(1rl,0))),cofrl(m0"r"(1rl)),m0(1c),t1".10300",t4".10300",t5".10300is(ts(ic,ic),m0(1c))
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TheMIZARsystem(1973-)ofAndrzejTrybulec

Languagemodeledafter

``mathematicalvernacular''

Naturaldeductionstyle

Automaticproofchecker

Largemathematical library

Journal

FormalizedMathematics

www.mizar.org



Pe te r Koepke : U nde rs tand ing N a tu ra l Language M athem a tica l P roo fs , CUNY Log ic W orkshop , S ep tem ber 2009

MIZARexampleinGOEDELCP.MIZ:

begin :: Goedel's Completeness Theorem,:: Ebb et al, Chapter V, Completeness The-orem 4.1theoremstill_not-bound_in X is finite & X |= pimplies X |- pproofassume A1: still_not-bound_in X isfinite & X |= p;now assume not X |- p; thenreconsider CX = X \/ {'not' p} as Con-sistent Subset of CQC-WFFby HENMODEL:9;A2: for A,J,v holds not J,v |= CXprooflet A,J,v;now assume A3: J,v |= X \/ {'not'p}; now let q such that A4: q in X;X c= X \/ {'not' p} byXBOOLE_1:7; hence J,v |= q by

A3,A4,CALCUL_1:def 11;end; thenA5: J,v |= X by CALCUL_1:def 11;now let q such that A6: q in{'not' p}; {'not' p} c= X \/ {'not' p} byXBOOLE_1:7; hence J,v |= q byA3,A6,CALCUL_1:def 11;end; thenA7: J,v |= {'not' p} by CALCUL_1:def11; 'not' p in {'not' p} by TARSKI:def1; then J,v |= 'not' p by A7,CALCUL_1:def11; then J,v |= X & not J,v |= p byA5,VALUAT_1:28;hence contradiction byA1,CALCUL_1:def 12;end;hence not J,v |= CX;



end;still_not-bound_in 'not' p is finiteby CQC_SIM1:20; thenstill_not-bound_in {'not' p} is finiteby Th26; thenstill_not-bound_in X \/still_not-bound_in {'not' p} is finiteby A1,FINSET_1:14; then

still_not-bound_in CX is finite byTh27; thenconsider CZ,JH1 such that A8: JH1,valH|= CX by Th34;thus contradiction by A2,A8;end;hence thesis;end;
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Mathematicalstatements

``1divideseveryinteger.''� ``Fidochaseseverycat.''
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Linguisticanalysis

``Fidochaseseverycat.''

S:all(Y,cat(Y),chases(fido,Y))

NP:fido

|

|

Fido

VP:all(Y,cat(Y),chases(X,Y))

V:chases(X,Y)

|
chases

NP:all(Y,cat(Y),...)

D:all(...,...,...)

every

N:cat(Y)
cat.

∀Y (cat(Y )→ chases(fido, Y )).
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Linguisticanalysis

``1divideseveryinteger.''

S:all(Y,integer(Y),divides(1,Y))

NP:1

|

|

1

VP:all(Y,integer(Y),divides(X,Y))

V:divides(X,Y)

|
divides

NP:all(Y,integer(Y),...)

D:all(...,...,...)

every

N:integer(Y)

integer.

∀Y (integer(Y )→ 1|Y ).
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Mathematicalstatements

− are(extended)natural languagestatements

− maycontainformaltermsandformulas(``semiformallanguage'')
− haveaparticulartypography

− ambiguityisavoided,e.g.byusingvariablesorspecificallydefinednotions

− haveafirst-ordermeaning(formalsemantics)
− canbeparsedbystandardNLPtechniques(NaturalLanguageProcessing)
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Mathematicaltexts

− consistofmathematicalstatements

− possesslarge-scalestructures:definition/theorem/proof
− newnotionscanbedefined

− assumptionscanbeintroducedandretracted:``assume...'',``assumeinstead...''

− proofstepshavetobejustifiedfromearlierstatements(temporalcharacter)

− justificationsmaycontainexplicitlong-rangereferencestoearlierstatements
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Whatisamathematicalproof?

− descriptionofthe/somemathematical ``reality''?

− argumentativetextaboutthe/somemathematical ``reality''?
− argumentativetextwithinsomesystemofinitialassumptions(axioms)?

− inpartaformalderivationwithinsomecalculus?
− abbreviationforsome(long)formalderivation?
− recipeforbuildingaformalderivationifrequired?

− aformalderivationinsomeveryrichformalsystem(Montague:Englishasaformal lan-

guage)?
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Ramificationsoftheproof-question

− Mathematical logic(claimsto)model(s) theaxiomaticmethodofmodernmathematics.

Mathematical logicismathematicallysuccessful but itdoesnot reallyreflect theactual

languagesandargumentsofmathematicians.

− Thegapbetweennaturalandformalmathematicalproofsisatopicinthephilosophyof

mathematics.

− Thelanguageofmathematicsasanexpert languagestandsout bythefact that its

intendedsemanticsisinprinciplefullycapturedbyatranslationintofirst-orderformulas.

Thismakesthelanguageofmathematicsaparadigmforstudiesintheoreticalandcom-

putational linguistics.

− Answering the proof-question may have practical applications for mathematical

authoringandtutoringtools.
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TheNaprocheproject:Naturallanguageproofchecking

− studiesthesyntaxandsemanticsof thelanguageofproofs, emphasizingnatural lan-

guageandnaturalargumentationaspects

− modelsnatural languageproofsusingcomputer-supportedmethodsofformal linguistics

andformallogic

− developsamathematicalauthoringsystemwithaLATEX-qualitygraphical interface

− jointworkwithBernhardSchroderÈ ,linguistics,andtwograduatestudents;Bonn,Essen,

Cologne

− www.naproche.net
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TheNaprocheproject:Naturallanguageproofchecking

− Todeviseastrictlyformal systemformathematics, implementedbycomputer,whose

input languageisanextensivepartof thecommonmathematical language,andwhose

proofstyleisclosetoproofstylesfoundinthemathematical literature.

− The...projectNaprocheaimsatconstructingasystemwhichacceptsacontrolledbut

richsubsetofordinarymathematical languageincludingTeX-styletypesetformulasand

transforms themintoformal statements. Weadapt linguistic techniques toallowfor

commongrammaticalconstructsandtoextractmathematicallyrelevantimplicit informa-

tionabout hypothesesandconclusions. Combinedwithproof checkingsoftwarewe

obtainNatural languageproofcheckers...
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LayersoftheNaprochesystem:

↓ Standardorwebeditor;orWYSIWYGmathematicseditor(TEXMACS)

TeX-styleinputtext

l Natural languageprocessing(NLP)

Proofrepresentationstructure(PRS)

l First-ordertranslation

First-orderlogicformat(TPTP)

l Proofcheckerorautomatictheoremprover(ATP)

``Accepted''/``Notaccepted'',witherrormessages
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E.Landau,GrundlagenderAnalysis,1930:Theorem30
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Components:input

− LATEX-likeinput language:usethemathematical typesettingfacilitiesofTEX/LATEX;oramathematicalXML-format;orthemathematicalWYSIWYGeditorTEXMACS

− inputcorrespondstotypesetmathematicaltexts

− webinterfaceunder www.naproche.net
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Components:linguisticanalysis

− standardanalysisbyaPrologDefiniteClauseGrammar(DCG),thegrammardefinesa

controllednatural languageformathematics(CNL), i.e.aformalsubsetof thecommon

mathematical language

− translationintoaformalsemantics(withoutambiguity)
− formalsemantics:proofrepresentationstructures(PRS),extendingdiscourserepresen-

tationstructures(DRS)

− DRS:tool foranaphorresolution(Letx beaset.It is...)andforinterpretationofnatural

languagequantification(Everyprimenumberispositive;aprimenumberispositive)

− PRS,moreover, representglobal text structurings:Theorem/Proof, introductionsand

retractionsofassumptions
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Proofrepresentationstructures

>Everymandances.

___________________________________

| |

|___________________________________|

| ________ ______________ |

||x1 | |x2 ||

||________| |______________||

||man(x1)| ==> |dance(x2) ||

||________| |agent(x2,x1)||

| |event(x2) ||

| |______________||

|___________________________________|
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Proofrepresentationstructures

>Asquarenumberispositive.

______________________________________

| |

|______________________________________|

| ___________ ______________ |

||x1 | | ||

||___________| |______________||

||square(x1)| ==> |positive(x1)||

||___________| |______________||

| |

| |

|______________________________________|
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Components:Checkingforlogicalcorrectness

− translatingthePRSconditionsintosomefirst-orderformat

− useTPTP-format(ThousandsofProblemsforTheoremProvers)
− generaterelevantpremisesforeverycondition

− automatictheoremproverusedtoproveeveryconditionfromitsrelevantpremises

− proofisacceptedifATPcanproveeverycondition

− feedbackofsuccess/errormessages
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Results

− Naprocheinputlanguageallowsnaturalreformulationof(simple)mathematicaltexts

− someexampletextsandpartsofLandau,FoundationsofAnalysishavebeenreformu-

latedandchecked
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Possibleapplications

− Natural languageinterfacestoformalmathematics

− Mathematicalauthoringandcheckingtools

− writingtextsthat aresimultaneouslyacceptablebyhumanreadersandformalmathe-

maticssystems(``Logicformenandmachines'')
− Tutorialapplications:teachinghowtoprove
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Technicalissues

− inclusionofmoremathematicalargumentationpatternsintoNaprochewhilepreserving

theunambiguityofthelanguage

− resolving frequent ambiguities: assumptions are explicitely introduced but often

implicitelyretracted

− includingimplicitbackgroundknowledgeonnumbersandsetsintothesystem

− improvingthe``naturality'' of theNaprochesystem(backgroundaxioms, interface, lin-

guisticrichness,logicalrichness,strengthofautomatictheoremprovers)
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Generalissues

− Naprocheinterpretsamathematicalproofasacollectionof indicatorsfortheconstruc-

tionofafullyformalproof

− natural languagecomponentsarenotjustsyntacticsugarbutserveasindicators

− can/shouldonemodel thecognitiveprocessesthat takepart intheunderstandingof

naturalproofs?

− therearenatural(lylooking)proofsthat arefullyformal withrespect totheNaproche

system

− thisdefinesa``fortifiedformalism'',usinglinguisticmethodsandcomputerimplementa-

tions,whichallowstoviewsomenaturalproofsasfullyformal

− cana``fortifiedformalism''helptomediatebetweenthe``twostreams'' inthephilosophy

ofmathematics(formalistic/naturalistic)
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ThankYou!


